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VII. Relativistic optics  
 
 
Electromagnetic fields in inertial frames of reference  
 
 
Galilean transformation 
 
Before 1900 the space and time coordinates (x, y, z, t) and (x’, y’, z’, t’) of reference frames K and K’ moving with constant 
speeds differing by v were believed to be related by Galilean transformation  
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                                                                                                                                            (VII-1) 


 
 
provided the origins in space and time are chosen suitably. Both the Newton equation of classical mechanics and the 
Schrödinger equation of quantum mechanics can be shown to be invariant under Galilean transformation. For instance, if in 
K’ the Newton equations for a mechanical system consisting of a group of particles interacting via two-body potentials read 
as  
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then in K the equation of motion has the same form 
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By contrast, the equation governing wave phenomena is not preserved under the transformation (VII-1). For a field  ψ(r’,t’) 
satisfying the wave equation  
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 in K’ the Galilean transformation yields the equation 
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in the reference frame K. For sound waves, the lack of invariance under transformation from one frame moving with a 
constant velocity to another is acceptable given the fact that propagation of these waves relies on a transmitting medium. 
The preferred reference frame K’ in which (VII-4) is valid is obviously the frame in which the propagation medium is at rest.  
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Postulates of Einstein’s special theory of relativity   
 
 
Analogously, a preferred reference frame for light propagation calls for a medium through which light can propagate. This 
medium has been called the ether and assumed to permeate all space and to be of negligible density and to have negligible 
interaction with matter. However, efforts to observe the motion of laboratories on the Earth relative to the rest frame of ether, 
for example, the famous Michelson-Morley experiment, had failed. Fizeau’s experiments on the velocity of light in moving 
fluids could also be understood in terms of the ether hypothesis only by assuming that the ether was dragged along partially 
by the moving fluid, with the effectiveness of the medium in dragging the ether related to its index of refraction! 
 
These experiments made Einstein abandon the hypothesis of an ether. The only alternative was to modify the transformation 
of the space and time coordinates between uniformly moving reference frames so that Maxwell’s equations become invariant 
under the new transformation. This immediately implied that the laws of mechanics were in need of modifications.  
 
To establish the new transformation, Einstein introduced two postulates. 
 


1. Postulate of relativity: The laws of nature and the results of all experiments performed in a 
uniformly moving frame of reference are independent of the translational motion of the system 
as a whole.  
 


       These equivalent coordinate systems are called inertial reference frames. 
 
2. Postulate of the constancy of the speed of light: The speed of light is constant in every   
       frame of reference, independently of the motion of its source. 


 
 
From these two postulates the rules of the new transformation of space and time, named after Lorentz, can be derived in a 
straightforward manner1. Before we address the derivation of the Lorentz transformation of coordinates, we summarize a few 
major experiments backing these postulates, performed long after Einstein proposed them. 
 
 
Experimental verification of Einstein’s relativity 
  
It is a general belief that the null result of the Michelson-Morles experiment (1887) provided an unambiguous evidence for 
the second postulate of the Special Theory of Relativity. This is not true. This experiment can also be explained without 
abandoning the concept of an ether by the hypothesis of the FitzGerald-Lorentz contraction. Compelling evidence came long 
after the formulation of the theory by Einstein.2 One of the most beautiful class of experiments draws on gamma-ray emission 
from nuclei with an extremely narrow bandwidth resulting from the Mössbauer effect.  
 
Let’s suppose that the inertial frames K and K’  are connected with the Galilean coordinate transformation. The phase of a 
plane wave must be invariant quantity, the same in all coordinate frames: 
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Expressing t and r in terms of t’ and r’ from (VII-1) leads to  
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1 The general structure of the Lorentz transformation can be deduced from the first postulate alone, see e.g. N. D. Mermin, Relativity 
without light, Am. J. Phys. 52, 119 (1984).  
2 A summary of available evidence is given by Shankland et al., Rev. Mod. Phys. 27, 167 (1955). 
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This equality must hold for values of t’ and r’. As a consequence, the coefficients of t’, x′ , y ′ , on both sides must be 
equal. From this requirement, we obtain the Doppler-shift formulas for Galilean relativity:  


z′
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                                                                                                                                               (VII-8a) 


c c′ = − ⋅n v                                                                                                                                                     (VII-8b) 
 
 
′ =n n                                                                                                                                                             (VII-8c) 


 
 
The direction of the wave vector (given by n) appears to be invariant. However, the direction of energy flow changes from 
one frame to the other. Suppose that inertial frame K is the preferential reference frame, in which the ether is at rest, hence 
the light wave propagates at c with both the wave vector and the direction of energy flow (direction of movement of the wave 
packet represented by the segments of a plane wave in Fig. VII-1) directed along n.  
 


 
 
     Fig. VII-1 
 
 
The direction of energy flow is not parallel to n in K’ but parallel with the unit vector   
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The experiments are performed in the laboratory, therefore it is expedient to be able to express the Doppler formulas (VII-8) 
in terms of m appropriate to the laboratory rather than n. To this end, we write n in terms of m. In the limit of  


0 /v c << 1we can – according to Fig. VII-2 – approximately write 
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where v0  is the velocity of the laboratory relative to the ether rest frame.
 
 


 
 
Fig. VII-2 
 
 
A plane wave having a frequency ω in the ether rest frame will have a frequency  
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in the laboratory frame and a frequency  
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in a frame K1 moving with a velocity v1 = u1 + v0 relative to the ether rest frame. 
The frequencies ω1 and ω0 are connected by  
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We obtained (VII-12) from (VII-11) by eliminating n, which can not be measured, by means of (VII-10). Equation (VII-12) is a 
consequence of the assumed validity of the wave equation (VII-4) in the ether rest frame and that of Galilean coordinate 
transformation connecting inertial frames. Owing to the appearance of  v0 it is obviously able to prove or disprove the 
existence of a preferred frame of reference and the validity of Galilean relativity.  
 
Differences between ω1 and ω0 can be measured accurately if the source and detectors have a narrow bandwidth. These 
requirements can be best met by using two Mössbauer systems of identical ω0, one emitter and one absorber. Suppose they 
move with u1 and u2 in the laboratory. Eq. (VII-12) then implies for the difference frequency between the emitter and the 
absorber 
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In the first resonant absorption experiment of this type3 the emitter and the absorber were located on the opposite ends of a 
rod of length 2R rotated about its centre with an angular velocity Ω as depicted in Fig. VII-3. For this specific case (u1 - 
u2)m= 0 and the fractional frequency difference is predicted as 
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                                                      Fig. VII-3 
 
 
 
In the experiment of Champeney, Isaak and Khan the Mössbauer line was at a photon energy of 14.4 keV with a fractional 
bandwidth of 2x10-12, the emitter and the absorber foils were separated by 2R = 8cm and the highest rotation speed close to 
8000 s-1. At a rotational speed of ~6000 s-1 Eq. (VII-14) yields a difference frequency equal to the Mössbauer line width for an 
ether drift velocity of ~200m/s. 
Champeney and co performed the measurement in 4-hour cycles and searched for different ether drift velocities relative to 
their laboratory due to the earth’s rotation. Their experiment yielded a maximum ether drift speed component orthogonal to 
the earth’s axis of rotation of  < 5 m/s. An improved experiment in 1970 set the limit of 5 cm/s. Clearly, the existence of a 
preferential reference frame and with that the idea of the ether must be abandoned, the first postulate of the special theory of 
relativity has been confirmed.     
 
The second postulate, the constancy of the speed of light irrespective of the motion of its source could be unquestionably 
verified also only many years after postulating this law, in a beautiful experiment4 performed at CERN, Geneva, in 1964. The 
speed of 6 GeV gamma-ray photons produced in the decay of energetic pions flying with a speed of v = 0.99975c was 
measured by time of flight. Within the experimental error the speed c’ of the photons emitted by the fast moving particles was 
found to be equal to c, written as c’ = c + kv, the experiment yielded k = (0±1.3)x10-4. Other experiments5 confirmed this 
result and provided evidence for the constancy of the light speed over its frequency, up to photon energies of 7 GeV6, 
establishing conclusively the validity of the second postulate of special relativity.    
 
Clearly, the constancy of the speed of light, independently of the motion of the source, destroys the concept of time 
as a universal variable independent of the spatial coordinates. Experiments taught us that light propagates in the 
                                                 
3 D. C. Champeney, G. R. Isaak, A. M. Khan, Phys. Lett. 7, 241 (1963); G. R. Isaak, Phys. Bull. 21, 255 (1970). 
4 T. Alvager, J. M. Bailey, F. J. M. Farley, J. Kjellman, and I. Wallin, Phys. Lett. 12, 260 (1964). 
5 G. R. Kalbfleisch, N. Baggett, E. C. Fowler, Phys. Rev. Lett. 43, 1361 (1979). 
6 B. C. Brown  et al. Phys. Rev. Lett. 30, 763 (1973).
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same way in any inertial frame, consequently Maxwell’s equations must be invariant under the transformation 
connecting two inertial frames. Galilean coordinate transformation must be modified to meet this requirement. 
 
 
 
 
Lorentz transformation – derivation from the requirement of the relativistic invariance of Maxwell’s equations 
 
 
A simple Gedankenexperiment reveals that the constancy of the speed of light indeed requires us to abandon the concept of 
absolute time. Imagine a “light clock” made up of a photon bouncing back and forth between two parallel mirrors (Fig. VII-4a). 
The clock “ticks” each time the photon completes a round-trip journey.  
 


 
 
     Fig. VII-4a 
 
 
Let’s now imagine that the clock is put on a space shuttle and is moved with respect to us with a high, constant speed. Whilst 
a passenger of this space shuttle still sees the photon moving perpendicularly to the mirror surfaces in Fig. VII-4a, from our 
perspective, the photon in the sliding clock must travel at an angle, on a diagonal path (Fig. VII-4b).  
 
 


 
 
Fig. VII-4b 
 
 
This path is clearly longer and therefore because the photon’s speed is the same in both frames we find that, from our 
perspective the moving clock ticks less frequently. From our perspective the passage of time is slowed down in a frame 
moving with respect to us.   
 
The change in the passage of time is clearly inconsistent with Galilean relativity and calls for a modified coordinate 
transformation. In order to find this new transformation, let us consider two inertial frames of reference K  (t, x, y, z) and K’ (t’, 
x’, y’, z’). The coordinate axes in the two frames are parallel and oriented so that K’ is moving in the positive z direction with 
speed v as viewed from K (Fig. VII-5).   
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                Fig. VII-5 
 
 
We derive the proper coordinate transformation from the requirement of the invariance of Maxwell’s equations under the new 
transformation. Since there is no relative motion along the x and y axes, we have x’ = x and y’ =  y. Consequently, we can 
focus on the transformation of the z and t coordinates. 
To this end, we consider a plane electromagnetic wave propagating along the z direction, with its electric and magnetic fields 
polarized along the x and y direction, respectively: 
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The fields must obey the first and second Maxwell’s equations (IV-1 and IV-2)  in both coordinate systems, hence 
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The connection between the coordinates z’, t ’ and z, t must be linear and express that the origin of  K’, which is defined by z’ 
= 0 moves with v along the z axis of K. These conditions are fulfilled by  
 
 


(z z v′ = γ −                                                                                                                                           (VII-18a) 
 
t at b′ = +                                                                                                                                            (VII-18b) 
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These relations are indeed linear. It is implicit in (VII-18) that the origins of the spatial coordinates in K and K’ are coincident 
at t = t’ = 0. (VII-18a) reveals that z’ = 0 for z = vt, ensuring that the origin of  K’ moves with v with respect to K. Inverting (VII-
18) yields 
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We now require – in the spirit of the first postulate – that the form of (VII-19) is identical to that of (VII-18) except for a change 
in sign in front of v, reflecting that from the perspective of an observer residing in K’, K moves with v in the opposite (i.e. 
negative z’) direction. This requirement implies 
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By introducing the notation 
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the new coordinate transformation fulfilling the requirements of the first postulate takes the form  
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If we now wish to transform Maxwell’s equations from K to K’ we will have to make use of  
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which results in   
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Substituting the differential operations (VII-24) into (VII-16) and (VII-17) leads to   
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These equations take the same form as the original equations in frame K if and only if the expressions in the parentheses 
can be identified as the transformed field quantities 
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which dictates 
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From the requirement of the invariance of Maxwell’s equations under the new transformation, we have now obtained the last 
unknown parameter of the transformation. Substituting (VII-26) into (VII-21) yields 
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With this the Lorentz transformation takes the form  
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From our analysis we have also obtained the transformation rules for the electromagnetic fields 
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The other transverse components,  and yE xB , can be obtained by applying the same procedure after  changing the 
polarisation of the plane wave ansatz (VII-15): 
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The transformation laws of the z-component of the fields will be derived later.  
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Lorentz invariance of physical laws and transformation of physical 
quantities 
 
 
Some consequences of the Lorentz transformation: simultaneity is relative, Lorentz contraction, time dilatation 
 
 
One of the most striking consequences of the Lorentz transformation is that simultaneity as a universal concept has to be 
abandoned. Simultaneity is also relative. This is obvious from (VII-28). Before we address this we note that the clocks placed 
at different positions in an inertial reference frame can be synchronized by using light for synchronisation utilizing the 
constancy of its speed (Fig. VII-6). 
 
 


 z z  
       Fig. VII-6 
 
 
If the clocks in K indicate zero, t = 0, it follows from (VII-28) that the clocks K’ show different tim
location: 
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Lorentz contraction 
 
Another consequence of the Lorentz transformation is that an observer sitting in K perceives th
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The length of the fast moving rod is perceived as contracted by the relativistic factor γ as compared to its length measured in 
its rest frame. This phenomenon is called Lorentz contraction. 
 
 


The duration of an event also depends on the state of the motion of the observer. Suppose an event occurring at 0z′ =  in  


K’ starts at and ends at  . An observer sitting in K measures its duration as  1 0t ′ = 2t T′ = 0
 
 , 2 1T t t= −


which can be determined from 1 1 2( ) 0vt t z
c


′ ′= γ + =  and 2 2 22( )vt t z t
c


′ ′ ′ 0T= γ + = γ = γ   as 


 


2 1T t t T= − = γ 0                                                                                                                                                VII-31) 
 
The observer sitting in K perceives the duration of an event occurring in K’ within stretched in time, by the relativistic 
factor γ. In other words, from the perspective of an observer sitting in K, the clocks in K’ run slower, as illustrated in Fig. VII-7. 


0T


 
 


 
 
                                             Fig. VII-7    
 
 
Moving clocks run more slowly than a stationary clock, an effect that has been referred to as time dilatation. This paradoxical 
result has been verified with ultra-precise macroscopic clocks1. Time dilatation is also being verified routinely these days in 
high-energy experiments: the decay of metastable particles appears to be slowed down if they move at relativistic speeds 
with respect to the laboratory frame. 
 
 
Relativistic Doppler shift 
 


A light beam 0 cos zE E t
c


⎛= ω −⎜
⎝ ⎠


⎞
⎟


                                                


, with a frequency ω, propagates in K. What is its frequency ω’ in the moving frame K’ 


?  To answer the question, we merely have to express the coordinates t and z with t’ and z’ by use of (VII-28). After some 
rearrangements, we obtain for the relativistic Doppler shift 
(Exercise) 
 
 


 
1 J. C. Hafele and R. E. Keating, Science 177, 166 (1972). 
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Addition of velocities  
 
Since the measurement of length as well as time depends on the state of motion of the observer, velocities do not simply add 


as it was the case in Galilean relativity. Suppose that there is a moving point in K’ whose velocity is . What velocity 


will an observer measure in K? According to the definition of velocity  
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yielding 
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from which we obtain 
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If u’ is of arbitrary direction, the same procedure leads to  
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The first postulate dictates that inversion of (VII-35) results in expressions of the same form except for a change in the sign 
of v. As a matter of fact, inverting e.g. (VII-35a) leads to  
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in accordance with the first postulate. For v/c << 1, (VII-35) goes over to u = u’ + v as dictated by the Galilean coordinate 


transformation. For  (VII-35) yields zu ′ = c czu = . The speed of light can not be overcome.  
 
 
Relativistic invariant expressions for momentum and energy of a particle 
 
We have seen at the beginning of this chapter that the form of Newton’s equation of motion (VII-2,3) constituting the law of 
mechanics, is preserved in Galilean relativity. However, it is not invariant under the Lorentz transformation. If the Lorentz 
transformation constitutes the proper connection between the space-time coordinates of inertial reference frames, the laws of 
mechanics need to be corrected, so that they become invariant under the Lorentz transformation.  
 


Consider the perfectly elastic collision of two balls of masses 1 2 'm m m′ ′= =  moving with and 1u u′ ′= 2u u′ ′= − in 
reference frame K’ (Fig. VII-8). At the instant of the collision their velocities in K’ become zero, before they bounce back after 


the collision with and . 1u u∗′ ′= − 2u u∗′ ′=
 
 


 
 
                  Fig. VII-8 
 
 
In correcting/generalizing the laws of mechanics, we require the conservation of momentum and mass in any inertial frame of 
reference, in the spirit of the first postulate. These conservation laws must apply during all stages (before, during, after, see 
Fig. VII-8) of the collision. This requirement implies for the quantities measured by an observer resting in K 
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From these equations we obtain (Exercise) 
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                                                            (VII-37) 


 
 
implying that the mass of a moving particle/body is increased as compared to its rest mass m0 according to  
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u
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                                                                                                                                                 (VII-38) 


 
 
This can be reformulated by defining K’ as the frame co-moving with the particle, in which the particle is at rest and is of 
mass m0 (we call this the rest frame of the particle) to determine the mass in K, in which K’ (and the particle) moves with v   
 
 


0
02
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m
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v
c


= = γ
1−


m                                                                                                                             (VII-38’) 


 
 
From this and the first equation in (VII-37) follows that the Lorentz transformation law of mass reads as 
 
 


 21 ; 1
u v uv


m m mc c
′⎛ ⎞ ⎛= ′ ′γ + = γ −⎜ ⎟ ⎜


⎝ ⎠ ⎝
2 m⎞⎟
⎠


                                                                     (VII-39) 


 
 
where m’ and m are the masses measured in K’ and K, respectively, v is the speed of K’ with respect to K, u’ and u are the 
speed of the body in K’ and K, respectively, and all speeds are assumed to be directed  along the z axis.    
  
From the Lorentz transformation law of velocities and the requirement of momentum and mass conservation it follows that 
the mass of a body is dependent on its velocity (VII-38) and is not invariant under the Lorentz transformation (VII-39).  
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The equation of motion of relativistic mechanics can now be written as 
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Equations (VII-40) implies that the work done on a particle by force F can be expressed as     
 
  


kin
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Assuming that du is parallel to u, we may write 
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From (VII-38) 
 


1du dm c u
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                                                                                                                      (VII-43) 


 
which, upon substitution in (VII-42), yields 
 


                                                                                   (VII-44) 
2 2


kin kin 0;dW c dm W mc m c= = 2−


u
 
In the limit of v/c << 1, (VII-44) and (VII-38) yields (Exercise). 2


0(1/ 2)kinW m≈
 
 
From the Lorentz transformation law of velocities and the requirement of momentum and mass conservation we have now 
also derived that the change in kinetic energy of a particle is proportional to that of its mass.  
 
Einstein interpreted (VII-44) more generally. He referred to m0c2 as the rest energy of a body of rest mass m0, implying that 
the total energy of the particle/body is simply given by  
 
 


 
2 2 2 2


0W mc m c c p m c= = γ = + 2 4
0                                                                                       (VII-45) 


 
 
where m0  is the mass of the particle/body in its rest frame of reference K’ moving with the speed v of the particle with respect 
to the laboratory frame K and γ is the relativistic factor. Using the transformation rules for the mass (VII-39) and velocity (VII-
35)  it can be readily shown that   
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c
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which is recognized as the square of the “length” of the energy-momentum 4-vector (p0 = W/c, p), - p2


0p 2, is invariant under 


the Lorentz transformation, by showing that 2 2 2 2 2 2 2
0( ) ( ) (m c m c u m c u )′ ′= − = −  


(Exercise). 
 
Equation (VII-45) expresses the equivalence of mass and energy of matter. At the beginning of this section we required the 
conservation of momentum and mass for deriving the relativistically correct laws of mechanics. Now it is clear that this is 
equivalent to requiring the conservation of momentum and energy. The equivalence of mass and energy has been confirmed 
in numerous beautiful nuclear physics and particle physics experiments meanwhile. In nuclear fission the energy released is 
found to be equal to the difference of the mass of the initial fuel and that of the final fission products.  
 
 
 
Transformation of the force 
 
 
We require the definition of the force to be valid in any inertial frame 
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                                              (VII-


47,47’) 
 
Since we know how to transform the momentum and time, from (VII-47 and 47’) we can determine the Lorentz transformation 
law of the force.  To this end we write 
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where from (VII-28) 
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By using the transformation laws for uz  (VII-35a) and m (VII-39) we obtain (Exercise) 
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Now by using (VII-47’) and /x x y y z zF u F u F u dW dt′ ′ ′ ′ ′ ′ ′ ′+ + = we arrive at our final result 
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The same procedure yields 
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As always, the inverse transformation is obtained by interchanging the primed and unprimed variables and reversing the sign 
of v. (VII-51) reveals, that the transverse force components are weaker in the laboratory frame as compared to the rest frame 


of the particle, whereas the longitudinal component is left unchanged (for , 0x yu u′ ′ = ). 
 
Knowing the transformation rules of the force (from the invariance of the generalized Newton equation VII-47) and those of 
the velocities (VII-35, derived directly from the Lorentz transformation) and the electromagnetic fields (from the invariance of 
Maxwell’s equations), we find that the expression of the electromagnetic (Lorentz) force acting on a charge q is invariant 
under the Lorentz transformation with q’ = q  
 
 


( ); (q q′ ′ ′= + × = + ×F E u B F E u B )′                                                                     (VII-52,52’) 
 
 
 
Transformation of electromagnetic fields  
 
 
The transformation laws for the transverse field components xE and yB have been determined before (VII-25), the other 


transverse components and yE xB can be obtained from the same procedure upon changing the polarization of the plane 
wave ansatz (VII-15). In this way, we arrive at the transformation rules for the transverse field components 
 
 


2( ) ; ( )x x y x x
vE E v B B B E
c


′ ′= γ − = γ + y                                                          (VII-53x) 


 
 


2( ) ; (y y x y y
vE E vB B B E
c


′ ′= γ + = γ − )x                                                       (VII-53y) 


 
 
The transformation rule for the longitudinal (z) components can also be determined from the requirement of the invariance of 
Maxwell’s equations. However, it is more straightforward to derive these transformations from the invariance of the Lorentz 
force. To this end consider a charge q resting at the origin of frame K’ moving with v along the z direction of frame K  (Fig. 
VII-9).  
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  Fig. VII-9 
 
As it is at rest, only the electric field exerts a force F’ = qE’  and according to (VII-51a) only the z’ component of this force 
contributes to the z component of the transformed force acting in K 
 
 


; ;z z z z z zF F F q E F q E′= = ′ ′=


z


0zu′ =


                                                                                                  
 
from which 
 


zE E′ =                                                                                                                                                   
 


In order to probe the z’ component of the magnetic field, let us now have a probing charge q moving with in K’ along the 
y’ axis of this frame (Fig. VII-10):  


yu ′


  
0 ; 0 ;x yu u′ ′= ≠        


                                                                                           


 
 
              Fig. VII-10 
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Suppose in K’ we have a magnetic field B’. We consider only the ′ ,x x -component of the force that is proportional to 


and , respectively, in order to probe the z’ and z component of the magnetic field, respectively. For these force 
components we have, according to (VII-51b)  


yu ′
yu
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which, together with the velocity transformation /y yu u ′= γ  (from Eq. VII-35c), yields 
 


zB B′ = z


z′ =


                                                                                                                                                        
 
As a result, for the longitudinal field components we have 
   


;z z zE E B B′ =                                                                                                                   (VII-53z) 
 
We can now summarize the Lorentz transformation rules for the electromagnetic fields as follows 
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Relativistic invariance of charge 
 
 
So far we have disregarded sources (charge and current) in Maxwell’s equations. Introducing these source terms in the 
equations and requiring that the equations preserve their form upon the Lorentz transformation, we obtain the transformation 
rules for the source terms    
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           (VII-54,54’) 


 
We can now verify the invariance of charge under the Lorentz transformation. Suppose an infinitesimal volume dV’ = 
dx’dy’dz’ in K’ is filled with a charge of density ρ’, which is at rest in the frame K’, i.e. J’ =0.  We now establish the connection 
between the charge contained in this volume as measured by an observer in K’,  q’= ρ’dV’, and by an observer resting in K, q 
= ρdV. In doing so, we draw on the transformation of  ρ’ and  dV’ 
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From which we confirm the invariance of charge   
 
q q′=                                                                                                                                                               (VII-56) 
  
 
 
Fields of a moving charge 
 
 
Consider a charge resting at the origin of K’ moving with v along the z axis of K (Fig. VII-11). We wish to determine the field 
of this charge as measured by an observer resting at the point P in K.   
 


 
 
                            Fig. VII-11 
 
 
As the charge rests in K’, we have only static electric fields in K’ 
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2 2 2 1/ 2( )r b v t2′⇒ = + γ  


 
 
From these we readily obtain the transformed fields by using (VII-53) as 
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resulting in  
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In  K there is observed a magnetic field, which – for nonrelativistic velocities – can be approximately written as  
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Hence the Lorentz transformation of the electrostatic field of a moving charge yields the Biot-Savart expression for the 
magnetic field of a moving charge. 
 
 
 
 
The electric and magnetic fields of a relativistic charged particle are depicted in Fig. VII-12. 
 


 
 
                                    Fig. VII-12 
 
 
In the limit of b << r the longitudinal component of the electric field  
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is reduced by a factor of γ2 as compared to the field strength of a charge at rest. It is also interesting to note that a charge co-
moving with Q at a transverse distance b experiences an electric and magnetic force (Fig. VII-12)  
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which, for v → c become nearly equal in magnitude and tend to compensate each other (Fig. VII-13). As a consequence of 
(VII-61) and (VII-62) the Coulomb repulsion in a relativistic bunch of particles of identical charge (electrons, protons) is 
dramatically reduced. 
 


 
 
                                                       Fig. VII-13 
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VIII. Ultrafast Optics  
 
 
Introduction  
 
 
Coherent light 
 
 
The spectrum of electromagnetic waves stretches from radio waves to gamma rays (Fig. VIII-1).  
 
 


 
 
                               Fig. VIII-1 
 
 
Thanks to their long wavelengths, radio waves and microwaves can be generated and emitted by fast varying macroscopic 
electric currents in a well controlled manner. This control results in good spatial and temporal coherence. By spatial 
coherence of a wave we mean that from having measured the field amplitude at a certain position r and time t, it can be 


- 224 - 







VIII. Ultrafast optics     introduction 
 


predicted at another position  r + ∆r  at the same instant. Temporal coherence implies a similar predictability at the same 
position for a future instant t + ∆t (Fig. VIII-2).      


 
 
                          Fig. VIII-2 
 
 
The wavelength of infrared, visible, ultraviolet and x-ray radiation (often termed light) becomes ever shorter from sub-
millimetre (far-infrared) to sub-nanometre (hard x-ray) waves. The generation of coherent light waves call for controlling ac 
currents within dimensions smaller than the respective wavelength. This has been made feasible with the invention of the 
laser in 1960. A light wave impinging into an ensemble of excited atoms with a frequency ( ) /exc lowerE Eω ≈ −  ,(where 


  and stand for the energy of the electronic shell in the excited and in some lower-energy state, respectively) 
makes the electron density distribution oscillate unisono. The microscopic currents induced within these tiny atomic dipoles 
then radiate in phase, resulting in light amplification by stimulated emission of radiation  and thus in the emergence of 
coherent light radiation. 


excE lowerE


 
Efficient and powerful coherent light sources can be realized only in the visible and nearby spectral ranges (wavelength 
range ~ 0.1 – 10 µm) because of the requirement of high dipole oscillator strength and long lifetime of the excited atoms, 
which nature can fulfil simultaneously only in this relatively narrow spectral range. The oscillator strength and the excited 
state lifetime decrease rapidly for increasing and decreasing wavelengths, respectively.    
 
 
 
Spatial coherence:  efficient transport & spatial concentration of light energy  
 
 
owing to emission in a Gaussian light beam with amplitude  
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where w(z), R(z), and φ(z) are given by  
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and  
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The properties of Gaussian light beams are determined by the laser resonator parameters (Fig. VIII-3) and analyzed in 
Chapter III-2, with the electric and magnetic fields of a linearly polarized Gaussian beam being expressed in terms of F(r) in 
Chapter IV (Eqs. IV-41-43).   
 
 


 
 


 


           ZR


                                 Fig. VIII-3 
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Temporal coherence: unparalleled spectral purity, definition of oscillation frequency with unmatched precision   
 
 
in a single-axial-mode (single-frequency) laser oscillator   
 


 
        Fig. VIII-4 
 
 
With single-frequency lasers line widths of the order of  ∆ν ≈ 1 Hz have been demonstrated. At the frequency of visible 
light this corresponds to a relative bandwidth of  
 


1510−∆ν
≈


ν
 


 
exceeding the precision of the best quartz oscillators by more than a factor of a million!  
 
 
 
Temporal & spatial coherence:  phase-coherent generation of light waves at equidistant frequencies  laser mode 
locking  


⇒


 
 
In a free-running multi-axial-mode laser  
 


                                                      
the axial cavity modes are spaced by   
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Fig. VIII-5 
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is the time it takes the light wave in mode q to complete a round trip in the resonator, n is the refractive index of the resonator 
medium and L is the resonator length. By a technique called laser mode locking1 the axial cavity modes can be frequency- 
and phase-locked so that they become equidistant in frequency spaced by  
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where Tr is the round-trip group delay in the resonator at the centre frequency ω0  and the resultant electric field can be 
written as   
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and  
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At a position z=0  (Fig. VIII-6) the electric field then varies in time as  
 


 
                   Fig. VIII-6 
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1 M. Didomenico, J. Appl. Phys. Lett. 35, 2870 (1964); L. Hargrove et al., Appl. Phys. Lett 5, 4 (1964) 
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Fig. VIII-7 
 
 
 
 
Ultrashort pulse duration, ultrahigh peak power  
 
 
As a result, a light pulse emerges, circulating in the resonator, with a duration, pulse energy and peak power of    
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In state-of-the-art mode-locked lasers, up to N = 1 000 000 modes can be phase- and frequency-locked to yield a million-
time temporal concentration of the light energy distributed evenly over the  ≈ 10 ns round-trip time in the freely running 


laser to 10 fs, implying a million-time enhancement of power as compared to the average power of the same laser 
running freely in the absence of mode locking. As a result, even a pulse energy of merely several nano-Joules can result in a 
peak power that approaches 1 Megawatt. The nano-Joule pulse energy delivered by typical mode-locked laser oscillators 
can be boosted by 10-100 million times in compact femtosecond amplifiers systems. These techniques result in femtosecond 
light pulses with peak powers that can far exceed 1 Terawatt and approach even 1 Petawatt.       
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            Fig. VIII-8 
 
 
 
Impact of ultrafast optics on science and technology   
 
 
Ultrafast optics pushes the frontiers of   
 


• telecommunications: picosecond pulses allow up to 100-Gbit/s transmission rate, which can be multiplied by 
several orders of magnitude in hundreds of WDM channels to result in transmitting multi-Terabit information per 
second through one single optical fibre over thousands of kilometres (see Chapter IV-4) 


 
• industrial and biological-medical technologies & instrumentation: ultrashort-pulsed laser sources have 


dramatically improved the resolution of optical microscopy (from sub-micrometers to the ten nanometre range with 
visible light: diffraction limit is vastly overcome by exploiting optical nonlinearities!); provide the only means of 
machining and structuring materials with nanometre precision ( nanophotonics); offer new diagnostic and 
therapic tools for medicine;….        


⇒
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• frequency and time metrology: the equidistant spectral lines of a stabilized femtosecond laser can form a 


“frequency ruler” of unprecedented simplicity and precision, constituting a “clockwork” for referencing frequency 
measurements to the Caesium frequency standard and paves the way towards a much more accurate optical 
frequency clock.     


 
• ultrafast metrology: the resolution limit (dictated the probing pulse duration) of ultrafast optics surpasses that of 


the fastest electronic devices by several thousand times (Figs. VIII-9); at the frontier of ultrafast science, 
attosecond metrology allows to observe the motion of electrons on atomic length scales in real time and record the 
electric field of visible light (Figs. VIII-10)  


 
• high-field science: focused gigawatt-terawatt-petawatt light pulses are able to expose matter to unprecedented 


electric fields ranging from billion to trillion V/cm; these field strengths ionize matter instantly, accelerate electrons 
to relativistic speeds within micrometers and pave to way towards compact laboratory-scale particle accelerators  


 
• coherent light sources: by inducing polarisation that depends nonlinearly on the driving light field, femtosecond 


lasers allow creating powerful sources of coherent light in wavelength ranges where no efficient laser sources are 
available; femtosecond-laser-driven coherent light sources now cover the wavelength range of ~1 mm –  1 nm 
(frequency: 0.3 THz  – 300 PHz), all the way from the far infrared to the regime of soft x-rays! With femtosecond-
laser-accelerated electrons even a laboratory source of coherent hard x-rays (~0.1 nm) may become possible! 


 
 


 
            Fig. VIII-9 
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Frontier of ultrafast science: attosecond “oscilloscope”  
 
 


 
 
 
Fig. VIII-10 
 
Temporal image of a 4.3-fs pulse of red laser light (wavelength ~ 750 nm, wave period ~ 2500 as) recorded with 250-
attosecond extreme ultraviolet pulses in an apparatus that may be considered as an optical oscilloscope with attosecond 
temporal resolution (Science 305, p. 1267, 2004; Physics Today, p. 21, October 2004, see attached; New Scientist, April 9, 
2005). Direct measurement of light waves was pursued shortly after the invention of the electronic oscilloscope (“… I had 
repeatedly, though in vain, attempted to obtain direct current from oscillations of light”, Ferdinand Brown, Nobel Lecture, 
1909) but became only feasible with the advent of attosecond metrology (Nature Vol. 414, P. 509, 2001). The measurement 
constitutes the first direct and complete measurement of a light wave and provides clear evidence for ultrafast optics having 
entered the attosecond time domain, opening the way to controlling and tracing electronic motion within atoms, molecules 
and nanostructures.        
 
This few-cycle light pulse if amplified to petawatt power levels, will allow generating a super-relativistic ultrahigh-density 
electron bunch, which may permit the realisation of the kilometre-scale X-ray free electron lasers pursued currently at 
Stanford (Fig. VIII-11) and Hamburg within a small laboratory.   
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Fig. VIII-11 
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Electromagnetic pulses: propagation & properties1
 
 
 
Propagation equation, group velocity, group velocity dispersion 
 
 
An electric field wave packet propagating in a laser beam along the z axis can be described as  
 
 


 0 0( )1( , ) ( , ) ( , , ) . .
2


i k z tE t a z t F x y z e c c−ω= +r                                                                           (VIII-18) 


 
 
where a(z,t) is the slowly-varying temporal envelope, F(x,y,z) is the transverse amplitude distribution of the light wavepacket 
(henceforth briefly: pulse), ν0 = ω0/2π is the carrier frequency and k0 = ω0n(ω0)/c determines the carrier wavelength (as λ0 = 
2π/k0) of the wavepacket. In the absence of an excessively broad bandwidth and strong nonlinearities, F(x,y,z) can be well 
approximated with the distribution valid for a monochromatic laser beam at ω0 and can be separated out from the equation 
for a(z,t). Under these circumstances, a(z,t) obeys the following pulse propagation equation (Eq. IV-127 in Chapter IV-4): 
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where the parameters  are defined by the Taylor expansion of the wave vector 0 1 2, ,k k k
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                                                                                                                                                                                         (VIII-20) 
and the effects of the higher-order terms proportional to k k  was neglected in (VIII-19) 3 4, ,...
 
 
Slowly-varying amplitude approximation 
 
 
With the slowly-varying amplitude approximation in space & in time, respectively2  
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                                                                            (VIII-21a,b)


 
1 The majority of figures and several derivations have been adapted from the Ultrafast Optics lecture course of Prof. Rick Trebino at the 
Georgia Institute of Technology, Atlanta. 
2 Note that the nature of these approximations is very different: whilst Eq. (VIII-21a) holds if the variation of the electric field amplitude and 
hence the pulse shape is small upon travelling a distance equal to the carrier wavelength, Eq. (VIII-21b) expresses that the pulse is long 
enough so that its electric field amplitude varies – at any position – within the carrier oscillation period. Whereas the first approximation is 
to be fulfilled by the propagation medium, the second one is to be met by the pulse itself. 
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and transformation to the “retarded” frame of reference 
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moving with a speed   we obtain11/gv = k 3  
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where we neglected terms of third order and higher in (VIII-20) and assumed that the dominant nonlinearity is the optical Kerr 
effect, i.e. and intensity dependent refractive index  
 
 


2( ) ( )∆ =n t n I t                                                                                                                                               (VIII-24)                                   
 
 
 
Equation VIII-23 describes optical pulse propagation in a dispersive & nonlinear medium, and due to the formal analogy, has 
been dubbed the nonlinear Schrödinger equation. It is of key importance for optical fibre communication and, as we shall 
see, for describing femtosecond pulse formation in mode-locked solid state lasers.   
 
In (VIII-23) k2 = 0 and n2 = 0 implies ( , ) /a z z∂ τ ∂ = 0 , that is the pulse propagates undistorted with its peak “locked” to 


 all the time. That is, the pulse propagates at a speed of v0τ = g  
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which is therefore referred to as group velocity and consequently  
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                                                                                             (VIII-26) 


 
is the variation of this quantity with frequency, the group velocity dispersion. Currently neglected, higher-order terms in the 
expansion of the wave vector introduce higher-order derivatives with respect to τ in the pulse propagation equation and must 
not be ignored if either k2  is small or the spectral width of the wavepacket is large.  


                                                 
3 For derivation see Chapter IV-4. 
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Frequency-domain description of electromagnetic pulses  


he electric field of an electromagnetic wavepacket can be expressed in terms of its Fourier components as 
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( , )E z ω  describes the wavepacket as uniquely as ( , )E z t does. ( , )E z ω  is related to the Fourier-transform of the complex 
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which is the time it takes the pulse to travel a distance L, termed the group delay and   
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measures the variation of this delay with ω and is called the group-delay dispersion. 
 
 
The frequency-domain description of light pulse propagation through linear media is now as simple as follows: the frequency 
spectrum of the output pulse is obtained from that of the input pulse by (VIII-32) and inverse Fourier transform yields the 
output waveform (Fig. VIII-13). The procedure is equivalent to solving the differential equation (VIII-19) for PNL = 0, but is 
much more straightforward.  
 
 
 
 
 
 


 
  
                                          Fig. VIII-13  
 
 
 
Physical implication of the spectral phase shift ( )ϕ ω   
 
It is the phase shift, the individual spectral components of a wavepacket suffer upon propagation. Let us see how the linear 
term in the expansion (VIII-27) affects the pulse. Fig. VIII-14a shows the situation at z = 0 under the assumption that all the 
component waves have a zero phase at the pulse centre.  
If after some propagation a phase shift 1 0( ) ( )ϕ ω =ϕ ω − ω linearly varying with frequency accumulates, the instant at 
which all the waves are in phase and hence create the pulse is delayed in time (Fig. VIII-14b). The phase shift linear in 
frequency indeed introduces a time delay (group delay) as concluded before!   
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                                         Fig. VIII-14a 
 
 
 


 
                                      Fig. VIII-14b 
 
 
 
Time-domain description of electromagnetic pulses: decomposition into carrier and envelope 
 
 
Decomposition of a light wavepacket into carrier and envelope is mainly motivated by the vastly simplified description of its 
propagation in terms of its complex amplitude . The respective pulse propagation equations applying for different 
nonlinear and dispersive media and allowing diffraction in the paraxial approximation (3D propagation) can be found in T. 
Brabec, F. Krausz: Reviews of Modern Physics 72, pp. 545-591 (2000).  


( , )a z t


 
How can we define the complex amplitude from the waveform ?  ( )a t ( )E t
 
The recipe is as simple as follows:  


1. calculate or measure the Fourier-spectrum at positive frequencies + ω( )E ;  


2. from this determine by shifting ω( )a + ω( )E with ω0 (see Fig. VIII-12), i.e. +ω = ω + ω0( ) ( )a E  
3. calculate ( )a t from ω( )a by inverse Fourier transform 
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How to define ω ?  0
 
In order to avoid fast oscillations in ( )a t , the reference frequency ω0 must be close to the centre of + ω( )E . The precise 


choice is not critical for describing pulse propagation on the basis of ( )a t . There are several possible definitions of ω0 , one 
of which  
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stands out due to minimising the intensity-weighted phase variation of . As a result of this choice, the phase of ( )a t φ( )t


φ= ( )( ) ( ) i ta t a t e is a slowly-varying function, i.e. exhibits little variation over the oscillation cycle . In these 
lecture notes we shall use this definition unless otherwise stated. 


= π ω0 2 /T 0


  
Is the carrier-envelope decomposition meaningful for pulse durations approaching = π ω0 02 /T ? 
 
To legitimise the concept of carrier and envelope we must require that ω0 and ( )a t remain invariant under a change of 


in  φ0
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A shift of by some ∆φ yields the new wave form φ0
0 0[ ]( ) (1/ 2) ( ) . .i t iE t a t e c c− ω + φ +∆φ′ = + In order that 


the definition of andω0 ( )a t be self-consistent, the above procedure must yield ′ω = ω0 0 . Note that this requirement is 


independent of the specific definition of . It has been foundω0
4 that this requirement is fulfilled for pulse durations (full width 


at half maximum, FWHM, of the intensity profile 2( )a t ) approaching the wave cycle = π ω0 02 /T .      
 
 
Lowest-order propagation effect in the time domain: shift of the carrier with respect to the envelope   
 
 
When describing pulse propagation in the time domain, which is the method of choice in the presence of nonlinear effects, 
i.e. PNL ≠ 0 in (VIII-19), it is expedient to use the retarded frame of reference defined by (VIII-22), in which the pulse centres 
at at any time during propagation. 0τ =
 
In this frame we can write 
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with 
 


                                                 
4 T. Brabec and F. Krausz, Phys. Rev. Lett. 78, 3282 (1997); T. Brabec and F. Krausz, Rev. Mod. Phys.72, 545-591 (1997).  
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which can be obtained by a simple substitution of the coordinate transformation (VIII-22) into (VIII-18) by assuming F(x,y,z) 
=1. The complex amplitude is related to the cycle-averaged intensity (see. IV-34) as ( , )a z τ
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and can be decomposed into a real amplitude ( , )a z τ and a phase  
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Substituting this expression into (VIII-39) yields 
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The phase is – by definition – the phase of the electric field at z=0 and at τ=0. Its physical meaning is the positioning of 
the central oscillation cycle in the carrier wave with respect to the pulse peak. The phase term 


φ00
′φ ( )z shifts the carrier wave 


as a whole with respect to the pulse peak in proportion to the propagation distance z. This shift is a consequence of a 
difference between their propagation velocities (phase and group velocity) in (VIII-40) as shown in Fig. VIII-15.  
We can combine φ  and 00 ′φ ( )z into a single phase term 
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defining the timing of the central cycle with respect to the envelope at any position during propagation.  
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φ´(z)E(0,τ) E(z,τ)


 
                  Fig. VIII-15                   Fig. VIII-15 
  
  
The last expression in (VIII-44) has been derived from the definition of The last expression in (VIII-44) has been derived from the definition of phv and by substituting ω = into the 
relevant expressions (exercise). This expression implies that the carrier is offset with respect to the pulse envelope by a 
phase shift π over a propagation distance of 
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This characteristic propagation length has been termed dephasing length.5 In the visible and near infrared spectral range it is 
as short as 10-50 micrometers for transparent materials. The absolute phase typically becomes relevant only if the pulse 
contains less than three oscillation cycles (Fig. VIII-16).  
 
 
 


 
Fig. VIII-16 
 
 
 
 
 
 


                                                 
5 L. Xu, Ch. Spielmann, A. Poppe, T. Brabec, F. Krausz, and T. W. Hänsch, Opt. Lett. 21, 2008 (1996). 
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Time-dependent phase: instantaneous frequency, chirped pulse 
 
 
The time-dependent phase φ τ( , )z introduces a variation of the instantaneous carrier frequency across the pulse. To see 
this, consider at some time, τ , the total temporal phase of the wave, τφ    
 


0 ( , )zτφ = ω τ − φ τ  
 
which contains a rapidly varying term proportional to the carrier frequency and a slowly-varying term  φ τ .  Exactly one 
period, T, later, the total phase will – by definition – increase to  


( )
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where φ τ +( )T is the slowly-varying temporal phase at instant τ+T. Subtracting these two equations  
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and dividing the new one by T: 
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We recognise the left-hand side to be equal to the instantaneous carrier frequency of the wavepacket at the time, τ . Further, 
the second term on the right-hand side can be replaced with φ τ/d d because of the slowly-varying nature of φ τ( ) , 
following from the definition of ω0 , Eq. (VIII-38) . The instantaneous carrier frequency then becomes 
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A linear variation of φ τ( , )z with τ merely shifts introduces a constant shift of ω0 . If the carrier frequency is defined by (VIII-
37), this term generally vanishes. It may, however, emerge, during propagation if, for instance, some nonlinearity causes an 
asymmetric broadening of the spectrum. The next higher-order term in the Taylor expansion of the temporally-varying phase 
causes a linear variation of the instantaneous frequency. 
 
 
Gaussian pulse modelling of propagation through a linear medium 
 
 
Well-behaved pulses with a bell-shaped intensity profile can be modelled – in first approximation – as a Gaussian pulse. A 
Gaussian pulse with a complex Gaussian coefficient can model a pulse with a linear chirp   γ = α + βi
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Clearly, α determines the pulse duration τp. If we define it as the full width at half maximum, FWHM of the intensity 


profile 2( )E τ the relationship between τp and α reads as 
 


- 245 - 







VIII. Ultrafast optics     electromagnetic pulses: propagation & properties 
 
 


2 2
p


n
τ =


α
                                                                                                                                         (VIII-48) 


 
On the other hand, β results in an instantaneous frequency  
 


0( ) 2instω τ = ω + βτ                                                                                                                         (VIII-49) 
 
that increases linearly in time. In analogy to bird sounds, such a pulse is called a “chirped” pulse, in this case a linearly-
chirped pulse. Fig. VIII-17 shows the electric field of Gaussian pulses for 0β > , positive chirp (a), and for , negative 
chirp, (b).   


0β <


 


 
 
             Fig. VIII-17a Positively-chirped Gaussian pulse. 
 


 
 
  Fig. VIII-17b Negatively-chirped Gaussian pulse. 
 
 
The frequency spectrum of a Gaussian pulse can be written as (see Chapter IV-4) 
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The spectrum of a Gaussian pulse is Gaussian too! The frequency bandwidth can now be defined – analogously to τp – as 


the full width of half maximum of 2( )E ω   
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Resulting in the time-bandwidth product  
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which is minimum when . In this case the pulse is referred to as bandwidth-limited or Fourier-limited because its 
duration is minimum for the given bandwidth and pulse shape.  


0β =


 
 
Lowest-order pulse shaping effects preserve the shape of a Gaussian pulse 
 
 
The power of modelling pulse propagation with a Gaussian pulse relates to the fact that the most important pulse shaping 
effects such as (lowest-order) amplitude modulation, phase modulation, spectral filtering and dispersion can – in first-order 
approximation – be modelled to preserve the Gaussian nature of the pulse!  
 
In fact, multiplying the Gaussian pulse with  
 


( )2( ) expAM AMT Kτ = − τ      ⇒    AMK′α = α +   ⇒   amplitude modulation     


                                                                                                                                  KAM > 0 : pulse shortening 
                                                                                                            KAM < 0 : pulse broadening 
 


( )2( ) expPM PMT iKτ = − τ      ⇒    PMK′β = β +   ⇒   phase modulation                                     


                                                                                                                                  KPM > 0 : positive chirp (for β=0) 
                                                                                                            KPM < 0 : negative chirp (for β=0) 
 
in the time domain, or with  
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dispersion 


performs these manipulations and preserves the pulse as a linearly-chirped Gaussian! As a consequence, basic spectral 
and temporal manipulations of light pulses can be modelled  - in first approximation – in terms of a change in the 
Gaussian pulse parameter  analytically! γ
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Phase shift first-order in frequency: a shift in time 
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Phase shift second-order in frequency: positive or negative linear chirp 
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Fig. VIII-20 
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   Fig. VIII-21 
 
 


- 249 - 







VIII. Ultrafast optics     electromagnetic pulses: propagation & properties 
 
 
Beyond imposing a linear chirp, the quadratic spectral phase shift has stretched a pulse with originally 3-fs duration to a ~14-
fs pulse. 
 
Phase shift third-order in frequency: satellite pulses 
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 Fig. VIII-22 Trailing satellite pulses are indicative of positive spectral cubic phase. 
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Fig. VIII-23 Leading satellite pulses are indicative of positive spectral cubic phase. 
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Phase shift fourth-order in frequency: leading and trailing pulse wings 
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Fig. VIII-24 Positive quadratic spectral phase implies higher frequencies in the trailing wing. 
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 Fig. VIII-25 Negative quadratic spectral phase implies higher frequencies in the leading wing. 
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Pulse characteristics: duration, time-bandwidth product 
 
 
There are many possible definitions of the duration (or “width” or “length”) of a wavepacket.  
 
Effective width: the width of a rectangle whose height and area are the same as those of the pulse (Fig. VIII-26). 
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Fig. VIII-26 τ
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Rms (root-mean-squared) width: second-order moment of the intensity profile (Fig. VIII-27). 
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ig. VIII-27 
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WHM (full width at half maximum): distance between the half-maximum points (Fig. VIII-28). 
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The FWHM is the most frequently used measure for the duration of ultrashort light pulses. However, it may be used only for 
well-behaved pulses with a bell-shaped profile and small wings or satellites because the latter are ignored up to a height of 
49.99%!   
 
 
Time-bandwidth product 
 
According to the Fourier theorem the product of a function’s extension in the time domain, ∆τ , and the frequency domain,  


, has a minimum. ∆ω
 
Let us define the widths of the intensity profile ( )f τ and its Fourier-transform, ( )F ω , using the definition (VIII-57) and 
assuming ( )f τ and ( )F ω peak at 0: 
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Combining the two latter results 
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(0) (0)


f F
F f


∆ω∆τ ≥ π      ⇒        ;   2∆ω∆τ ≥ π 1∆ν∆τ ≥                                                 (VIII-59) 


 
 
 
Different definitions of the widths  yield different constants, which – for most definitions (incl. FWHM) also depend on the 
pulse shape. 
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Temporal and spectral shapes of simple electromagnetic pulses6


 
 
 


 
 
 
  
 
 
 
 
 
 
 


 
6 J.-C. Diels, W. Rudolph, Ultrashort Laser Pulse Phenomena (Academic Press, San Diego, USA, 1996).  
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Transformation between wavelength and frequency 
 


The spectrum and spectral phase is often measured versus wavelength 
2( ) ( )S Eλ λλ ≡ λ , ( )λϕ λ , rather than 


frequency, 
2 2( ) ( ) ( )S E Eω ωω ≡ ω ≡ ω , ( ) ( )ωϕ ω ≡ ϕ ω , therefore a transformation rule is required. 


 
By using  2 /cω = π λ
   
The phase can be easily transformed 
 
 


( ) (2 / )cλ ωϕ λ = ϕ π λ                                                                                                                             (VIII-60a) 
 
 
For transforming the spectrum, we note that ( )Sλ λ and ( )Sω ω are the energy density within a unit wavelength and 
frequency interval, hence the total energy in the pulse is given by  
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Changing variables and using  
2/ 2 /d d cω λ = − π λ
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From which we obtain 
 


2
2( ) (2 / ) cS S cλ ω
π


λ = π λ
λ


                                                                                                              (VIII-60b) 


 
Eq. (VIII-60) implies different spectral shapes of broadband signals vs. frequency and wavelength. 
 


 
 
Fig. VIII-29 The spectral shape of a broadband pulse is different vs. frequency and wavelength. 
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Bandwidth expressed in units of  frequency, wave number and  wavelength  
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Wavelength:  λ
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δλ = δν                                                                           (VIII-62)                                 


 
 
 
In units of frequency and wave number, the bandwidth of a Fourier-limited pulse is independent of its carrier frequency. In 
wavelength units, the bandwidth depends on the carrier wavelength, too. 
 
 
 
Phase wrapping and unwrapping 
 
 
The phase is often represented within the interval ( , )−π π  and called “wrapped” phase. It is often helpful to avoid sudden 
phase jumps (e.g. if it has to be differentiated), which frequently show up in this representation, by “unwrapping” it. This can 
be done by adding or subtracting 2 whenever there is a  2π π  phase jump (Fig. VIII-30). 
 


 
 
Fig. VIII-30 Phase unwrapping for a pulse with a quadratic spectral phase. 
 
 
 
Phase blanking 
 
In calculations or in evaluation of measured data, we often end up with dramatic phase variations in spectral or temporal 
ranges, where the intensity is (close to) zero (Fig. VIII-31, left panel). When the intensity is zero, the phase is irrelevant. 
When the intensity is nearly zero, the phase is nearly irrelevant.  
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Phase blanking involves simply not plotting the phase when the intensity is close to zero (Fig. VIII-31, right panel). One has 
to choose the intensity level, below which the phase is disregarded, very carefully.    
 
 


 
Fig. VIII-31 
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Ultrashort laser pulse generation1
 
 
Concepts for mode locking  
 
We have concluded in Chapter VIII-1 that rendering axial cavity modes to oscillate at equidistant frequencies in a phase 
locked manner results in the emergence of a single pulse that circulates in the laser cavity. Whenever this pulse arrives at a 
partially-transmitting mirror, a small fraction of it leaves the resonator and constitutes the useful output of the laser. This 
mode of operation has been termed laser mode locking. It results in a train of pulses spaced by the resonator round trip time 
in the laser output.  
 
 
 
 


50 Modes
5 Modes


PCW


 


   Resonator round-trip time
 


 
 
 
 
Mode locking is enforced by modulating the amplitude of the circulating radiation in the laser resonator periodically with the 
period corresponding the resonator round-trip time, Tr. This modulation can be introduced actively by introducing a light 
modulator in the laser cavity and driving it by an electric signal from outside or passively by introducing a lossy optical 
component whose loss decreases with increasing intensity of the circulating laser beam. The techniques are termed active 
mode locking and passive mode locking, respectively (Fig. VIII-32).   
 
 
 
 
 
 


                                                 
1 Theory adapted from Hermann A. Haus: “Short pulse generation”, in Sources of Ultrashort Pulses, Irl, N. Duling (editor), Cambridge Univ. 
Press, Cambridge, UK, 1995). Most of the figures have been borrowed from the Ultrafast Optics lecture course of Prof. Rick Trebino at the 
Georgia Institute of Technology, Atlanta. 
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with a polarizer – in a periodic amplitude modulation. The modulation period must equal the resonator round-trip time, Tr.   


 
 


 
 
 
 
 
 


 
Fig. VIII-32  
 


Active mode locking 
 
Periodic modulation by a light amplitude 
modulator driven by an external sinusoidal 
signal results in a periodic modulation of the 
cavity loss. The time window of minimum loss 
(at the maximum of the modulator transmission) 
favours the buildup of laser radiation, resulting 
in a single pulse that circulates in the laser 
cavity and passes the modulator at the instant o
its maximum transmittivity, provided that the 
modulator period equals the resonator round-tr
time.  
 
 
 
 
 
Passive mode locking 
 
A passive optical component that transmits say 
90% of the incident radiation at low intensities 
and increasingly more for higher intensities is 
able for creating a net gain window (yellow 
region) for an intense pulse, favouring thereby 
operation in a pulsed mode. The most intense 
initial fluctuation will grow stronger than its less 
intense brothers and eventually survives as the 
only one in the passively mode locked laser. 
 
 
 
 
 
 


modulator transmission 
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Active mode locking 
 
by an electro-optic modulator 
 


 
 
 
Fig. VIII-33: Applying a voltage to a crystal changes its refractive indices by the electro-optic effect . If the crystal is suitably 
oriented and a voltage of a few hundred to a few thousand Volts is applied, the direction of polarisation of the incident wave 
can be switched to an orthogonal state and with a polarizer deflected out of the cavity. The device has been termed an 
electro-optic modulator or after its inventor a Pockels cell. Applying the control voltage sinusoidally results – in combinatio
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Fig. VIII-35 
 
 
 
We assume, that the modulation period is – very nearly – equal to Tmω r , th
group delay at the centre of the gain line: 
 


2
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rT
π
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If this condition is fulfilled with sufficient accuracy and the modulation is suffic
of a short pulse which circulates in the cavity and passes the modulator at the


+ π ω + × π ω + × π ω0 0 0 0( , 2 / , 2 2 / , 3 2 / ,.....)m mt t t t m . This correspo


by Eqs. (VIII-9), (VIII-10), (VIII-11) with   i.e. = π ω2 /Tr m ∆ω =ωm m . 
 
To calculate the steady-state pulse parameters, we make several assumption
discussion. 
 
 
Analytic theory of active mode locking  
 
 
Assumption #1: the steady-state pulse is Gaussian, 
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Ωg: effective gain linewidth  
 


e reciprocal value of the resonator round-trip 
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iently strong, laser oscillation builds up in form 
 instant of its maximum transmittivity 
nds to the state of mode locking as described 


s, which we shall justify at the end of the 
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Assumption #2: the steady-state pulse duration pτ  is much shorter than the resonator round-trip time 
                             
                                i.e.    τ << = π ω2 /p effT m m2 /pτ << π ω                                                                


(A2) 
 
Assumption #3: the steady-state pulse bandwidth p∆ω  is much smaller than the gain bandwidth 
                             
                                        i.e.      p∆ω << Ωg g2 /pτ >> π Ω                                                                   (A3) 


 
 
It follows from (A2) that the approximate modulator transmission function defined in Fig. VIII-35 well describes the 
modification of the pulse when passing through the modulator such that 0t tτ = −  (i.e. pulse centre coincides with 
maximum transmittivity): 
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that is the pulse preserves its Gaussian shape with 
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and gets shorter! 
If (A3) applies, the modification of the pulse upon passage through the laser medium and reflection off the output coupler 
(see Fig. VII-35) is given by   
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( ( )na ω stands for the Fourier transform of the complex amplitude ( )na τ ), that is the pulse preserves its Gaussian shape 
with 
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and gets longer! (For a Lorentzian gain line,  relates to the FWHM linewidth  gΩ g∆ω as follows: 


/ 2 2g gΩ = ∆ω ). In the steady state the pulse reproduces itself after one complete round trip, that is 


 
 


0g =                                                                                                                                               (VIII-66) 
 
 


3γ = γ1                                                                                                                                            (VIII-67) 
 
 
where is the saturated gain at and stands for the output coupling loss including parasitic resonator losses 
(assumed to be independent of frequency). 
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which, after comparison with (VIII-64), yields 
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(A2) implies that – upon one passage – the modulator modifies the pulse shape only weakly in the stationary state, i.e. 


, which upon substitution into the above expression yields 2 1 ssγ ≈ γ = γ
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From this expression it is apparent that  is real, hence the steady-state pulse is chirp free. By using (VIII-48) ssγ


2
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n
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τ
, we obtain for the steady-state pulse duration pτ  (FWHM) in a laser actively mode locked 


by an amplitude modulator 
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Assumptions #1-3 can now be justified as follows. The effective gain bandwidth gΩ typically exceeds the modulation 


frequency by several orders of magnitude. From this fact and (VIII-68) directly follows that conditions (A2) and (A3) are 
satisfied. If so, the transmission functions quadratic in the exponent apply and ensure that a Gaussian pulse constitutes a 
stationary solution of the problem. 


mω


 
 
So far we assumed:          ω =           In reality we have always some   2 / ; 1/m r mT rTπ ν =
 
 
 
detuning of the modulation frequency from the axial mode separation 
 
 


1
d m


rT
∆ν = ν −  


 
which time shifts the circulating pulse with respect to the modulator transmittivity peak by  
 
 


 2
1 d


d r
m m


t T δν
δ =                                                                                                                (VIII-69) − ≈


ν ν
 
 


 
 


                                  Fig. VIII-36  
 
 
Can this accumulating shift be balanced by a counter-shift,  allowing active mode locking to tolerate some non-zero 
detuning? Fortunately yes: shifting the pulse away from the instant of maximum transmittivity, t0 makes the modulator push 
the pulse back to t0 by a time shift of  (Fig. VIII-37)  mtδ
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                                 Fig. VIII-37  
 
 
In the stationary state the two temporal shifts must compensate each other (Fig. VIII-37)    


 
 
                                         Fig. VIII-38  
 
 
                                                      ( ) 0m st dt tδ φ + δ =                                                                      (VIII-70) 
               
where 
 
                                                      0( )st m stt tφ = ω −                                                                         (VIII-71) 
                  
 
For calculating we have to know the full modulation function. We assume stφ
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amT t e m−∆ − ω=                                                          (VIII-72) 
 
 


- 265 - 







VIII. Ultrafast optics     ultrafast laser pulse generation 
 
 
(the expansion of which about yields the approximate modulation function given in Fig. VIII-35.) For determining the 


effect of the modulator on a Gaussian pulse passing it at , we expand the exponent of the amplitude modulator 


transmission function,


0 0t =


stt
( )amT t , up to second order about  stt
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Comparison of (VIII-71) and (VIII-72) leads to  
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The effect of ( )mT t on the pulse passing through the modulator at time can now be written as stt
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Substituting (VIII-74) into (VIII-76) yields the pulse parameters after passing the modulator as 
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Hence, detuning lowers the modulation index and introduces loss. As a consequence, the stationary pulse duration gets 
longer (owing to replacing with   in (VIII-68) and its energy is reduced.  m∆ mm′∆


To determine , we substitute (VIII-74a) and  into (VIII-76b), yielding the round-trip time 


shift induced by the modulator: 
stφ 2
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In the stationary state the sum of this time shift and that induced by detuning, dtδ ,must be zero as expressed by Eq. (VIII-
69). Substitution of expressions (VIII-68) and (VIII-76b’) into this condition results for the stationary phase 
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There is a solution to this equation and hence a stable mode-locked state only if the absolute value of the right hand side of 
this equation is smaller than 1, which is fulfilled if and only if  
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Shorter pulses tolerate less detuning! High modulation index helps! 
 
 
Time-domain modelling of mode locking  
 
 
The pulse forming effect of the modulator and the laser gain medium has been described as 
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where ( )a ω stands for the Fourier transform of the complex amplitude ( )a τ . Multiplication with 0( )i− ω − ω in the spectral 
domain is equivalent to differentiation in the time domain, /d dτ . The pulse shaping action of the gain medium in the time 
domain therefore reads as 
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The resultant change in the complex pulse amplitude over a complete round trip in the resonator is given by  
 
 


2
2 2 0


2 2
1 1( ) ( ) ( ) ( )


2 2 22m g m m
g


gda a a a
d


⎛ ⎞
∆ τ = ∆ τ + ∆ τ = − ∆ ω τ + − τ⎜ ⎟


⎜ ⎟Ω τ⎝ ⎠
      (VIII-81) 


 
 
In the stationary state we have and hence the steady-state pulse( )a∆ τ ( )a τ must obey what we call the   
 
 
 
Master equation for (amplitude-modulation) active mode locking 
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Simple inspection yields that  
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is solution to this equation. Depending on the gain bandwidth, resonator length, and modulation index, actively mode locked 
lasers deliver pulses of duration ranging from some 100 picoseconds to a few picoseconds.3   
 
 
Time-domain modelling of mode locking proves particularly useful for the description of passive mode locking.                         
 
 
Analytic theory of passive mode locking 
 
 


 
 
Fig. VIII-39: Passive mode locking relies on a nonlinear optical device that transmits light of higher intensity more efficiently 
that less-intense light.  


 


Time: 0 - Tr


 
Fig. VIII-40: As a result, the initially highest-intensity spike “burns through” and grows from round trip to round trip whereas 
all others tend to get suppressed upon an increasing number of round trips. Simultaneously, the growing spike also gets 
shortened upon each round trip until the stationary state is achieved.   
 
 
 
Pulse forming/shortening device: saturable absorber 
 
Absorption is proportional to the number of absorbing particles. Their number decreases for increasing number of absorbed 
photons, which in turn, is proportional to the incident photon flux, i.e. intensity. As a consequence the absorption coefficient is 
generally intensity-dependent: ( )α = α I  and can be bleached or saturated at sufficiently high intensities see Fig. VIII-41. 
 
 
 


                                                 
3 For the shortest pulses obtained by pure active mode locking see F. Krausz, L. Turi, Cs. Kuti, A. J. Schmidt, "Active mode locking of 
lasers by piezo-electrically induced diffraction modulation", Appl. Phys. Lett. 56, 1415 (1990) and L. Turi, Cs. Kuti, F. Krausz, 
"Piezoelectrically induced diffraction modulation of light“, IEEE J. Quantum Electron. QE-26, 1234 (1990) 
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Fig. VIII-41 
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for a two-level absorber, known as the saturation 
intensity, with σa and being the absorption cross 
section and upper state life time, respectively. 
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If varies slowly as compared to the recovery time of the saturable absorber, ( )a∆ τ 2τ , and saturation is only weak, 
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                                                                              (VIII-86) 


where we have normalized 2( )a τ such to yield the instantaneous power in the beam and effA is the effective beam cross 
sectional area. Under these circumstances the pulse modulates its own amplitude upon passage through the absorber 
according to  
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(VIII-87)


 
 
where is the length of the absorbing medium. This effect is called self amplitude modulation, SAM. aL
For weak absorption, , (VIII-87) can be expanded to first order, yielding for the change of the complex 
pulse amplitude upon one pass through the self amplitude modulator  


0 1sam aL= α <<


 
 


 
2sam


sam
1 ( ) ( ) ( )
2 2aa L a a⎛ ⎞a− α τ = − + κ τ τ⎜ ⎟


⎝ ⎠
∆ =                                                          (VIII-88) 


 
 
where the SAM-coefficient is obtained from substituting (VIII-86) into (VIII-88) as  
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As passive mode locking offers the potential for producing pulses well below 1 picosecond, the spectral width of the pulse 
becomes so broad that at least the lowest-order dispersive effect, group delay dispersion, must be taken into account. Its 
effect in the frequency domain (see Eq. VIII-33) 
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can be described in the time domain by noting that multiplication with 0( )i− ω − ω in the spectral domain is equivalent to 
differentiation in the time domain, : /d dτ
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2gdd
D da i


d
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τ
       ;    where          2D = ϕ                                                                    (VIII-90) 


 
 
By introducing ( )sama∆ τ and ( )gdda∆ τ into (VIII-81) in place of the pulse shaping action of the modulator, ( )ma∆ τ , we 
obtain for the stationary state the    
 
 
Master equation for passive mode locking by fast self-amplitude modulation 
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τ =                                            (VIII-91) 


 
 
where we lumped the constant loss, , into . The first (“diffusion”) term broadens the pulse owing to the limited gain 
bandwidth and dispersion, the second term shortens it by SAM (see Fig. VIII-42) and the last one accounts for amplification 
and losses.  


sam
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   Fig. VIII-42  
 
In the stationary state, the SAM effect leads to a net loss before and after the pulse, preventing satellite pulses or some low-
intensity background from emerging. With a broad-band gain and low GDD, it could, in principle, shorten the pulse down to 
the sub-100-fs regime. However, SAM induced by a saturable absorber can be modelled by (VIII-88) only for pulse durations 
longer than 1 picosecond, because the response time of the absorber, 2τ , can not be much shorter than 1 picosecond in the 
visible spectral range. The optical Kerr effect resolves this problem.  
 
 
 
The optical Kerr effect : the key optical nonlinearity for femtosecond pulse formation  
 
 
At high intensities the refractive index becomes dependent on the intensity (optical Kerr effect): 
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and modifies the propagation constant (wave vector): 
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                                                         (VIII-93) 


 
 
imposing a time-dependent phase shift on the pulse (Fig. VIII-42). In transparent media, the effect responds virtually instantly 
to a change of the intensity with a response time of less than one femtosecond! As a consequence, the pulse modulates its 
own phase (self-phase modulation, SPM) upon passage through the Kerr medium: 
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              Fig. VIII-43 
 
For a small effect, we can write the modification of the pulse by means of 
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The optical Kerr effect may also result in self-amplitude modulation, SAM,
a Gaussian laser beam. This causes a radial variation of the refractive ind
effect (Fig. VIII-44), which increases with intensity. An aperture that clips t
self-focused intense portions of the beam favourably. This Kerr-lens mod
response time of < 1 femtosecond. Owing to this hyperfast response tim
of small action)  by (VIII-88). The corresponding mode locking mechanism
(KLM). The concept of Kerr-lens modulation works only with a freely propa
successfully turned the Kerr-induced phase shift into an SAM effect also in
 
 
 
 


( ) ( )n aφ τ = δ τ  

 


SPM again as 


                                                                    (VIII-95) 


                                                                   (VIII-95’) 


 owing to the radial variation of the light intensity in 
ex and induces thus a lensing or self-focusing 
he beam gently behind the Kerr medium transmits 
ulation leads to an ideal SAM effect with a 
e, the effect is properly accounted for (in the limit 
 has been referred to as Kerr-lens mode locking 
gating beam, but other techniques have 
 fibre lasers meanwhile.  
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Fig. VIII-44 
 
 
Adding the SPM effect (VIII-95) to the master equation of passive mode locking results in the  
 
 
 
Master equation for passive mode locking including self-phase modulation 
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a τ =                  (VIII-96) 


 
   
Where we lumped into all possible time-independent phase shifts suffered by the pulse over a complete round trip in the 
resonator. Note that the dimension of the SAM and SPM parameter, 


φ
κ and δ , is 1/power. The solution to this equation was 


first obtained by Hermann A. Haus4 in the form of a chirped secant hyperbolic pulse 


                                                 
4 Hermann Haus, “Short pulse generation,” in Compact Sources of Ultrashort Pulses, Irl N. Duling, ed. (Cambridge University Press, 1995).   
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                                                      (VIII-97) 


 
 
where the peak amplitude is determined by the power used for pumping the gain medium and the pulse duration and 


chirp, and β , can be calculated from a couple of algebraic equations yielded by substituting the Ansatz (VIII-97) into the 
master equation (VIII-96). Fig. VIII-45 depicts the most important result of the analysis of Haus, the stationary pulse duration 
as a function of dispersion, with the SPM coefficient as parameter. 
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Fig. VIII-45 
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is the stationary pulse energy. 
 
In Fig. VIII-45:   
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The shortest pulse duration is predicted for a GDD, D, opposite in sign to the SPM coefficient, δ . As the nonlinear index and 
hence is positive, the shortest pulses are produced for D < 0. For positive D, the pulse duration dramatically increases for 
increasing D . This can be simply understood by recalling that 


δ
δ >0 imposes a positive chirp on the pulse (see Fig. VIII-42). 


For D < 0, the low-frequency components on the leading edge of the pulse are delayed with respect to the high-frequency 
ones on the trailing edge, turning the SPM-induced spectral broadening into pulse compression. Clearly, D > 0 gives rise to 
the opposite effect, it broadens the pulse.    
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. VIII-46: Fluorescence emission line (gain curve) of broad-band solid-state laser materials. 


 broad-band solid-state lasers (Fig. VIII-46), group-delay dispersion usually vastly exceeds gain dispersion, and 


 
Soliton-like pulses in the limit of large gain bandwidth 
 
 


   
Fig
 
 
 
In 1nD >>
SPM typically vastly exceeds SAM, / / 1n nδ κ = δ κ >> . Under these circumstances the stationary pulse emerges from 
an interplay between negative GDD and positive SPM, resulting in a soliton-like pulse with a pulse duration of  
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                                                 (VIII-98) 


 


lthough the SAM coefficient does not directly affect the stationary pulse duration, SAM is still essential for stabilising mode 


 
 
A
locking. For decreasing D , higher-order dispersion in the laser resonator limits pulse shortening.5 The bandwidth over 
which D can be kept constant, determines the shortest achievable pulse.  
 
But how to produce negative GDD over broad bandwidth, given the fact that material dispersion is usually positive? With 


                                                


chirped multilayer mirrors.  
 
 
 
 
 
 


 
5 Ch. Spielmann, P. F. Curley, T. Brabec, F. Krausz, "Ultrabroad-band femtosecond lasers", IEEE J. Quantum Electron. QE-
30, 1100 (1994). 
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ey ingredients of femtosecond solid state lasers: chirped multilayer mirrors & optical Kerr effect 
 
 
 
 


 
 
 
Fig. VIII-47: Optical Kerr effect produces SPM and SAM action via temporal and spatial variation of the laser beam.  
 
 
 


K


 
 
Fig. VIII-48: Alternating layers of dielectric materials of high- and low-refractive index with modulated (“chirped”) multilayer 
period are able to reflect light over spectral widths of hundreds of Terahertz, corresponding to hundreds of nanometres in the 
visible and near infrared spectral range. Optimised modulation can also result in a penetration depth smoothly-varying with 
wavelength, resulting in engineerable GDD over unprecedented bandwidth.6  
 


                                                 
6 R. Szipöcs, K. Ferencz, Ch. Spielmann, F. Krausz, "Chirped multilayer coatings for broadband dispersion control in femtosecond lasers", 
Opt. Lett. 19, 201 (1994); G. Tempea, F. Krausz, Ch. Spielmann, K. Ferencz, "Dispersion control over 150 THz with chirped dielectric 
mirrors", IEEE Journal of Selected Topics in Quantum Electron. 4, 193 (1998) 
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ig. VIII-49: Turn-key, stand-alone Ti:sapphire laser produces routinely sub-10-fs pulses.7


 
 
 


Workhorse of ultrafast science:  the femtosecond Ti:sapphire laser 
 
 


20 
c Pump


 Laserm


50 cm
 
F
 


 


E(t) reproducible within thickness of line  


 
Fig. VIII-50: Carrier-envelope-phase stabilised, i.e. waveform-controlled few-cycle pulses from a Ti:sapphire laser.8


 


 
 
 
 
 
 
 


                                                 
7 www.femtolasers.com 
8A. Poppe, R. Holzwarth, A. Apolonski, G. Tempea, Ch. Spielmann, T. Hänsch, F. Krausz, "Few-cycle optical waveform synthesis", Appl. 


hys. B 72, 373 (2001) P
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utinely available up to millijoule pulse energies, down to 25-fs pulse duration (peak power ~ 0.1 Terawatt) at kilohertz repetition rates 


 


     Fig. VIII-51 


eak powers exceed 100 Terawatt from low-repetition-rate laboratory-scale femtosecond lasers! 


Amplified, high-energy femtosecond laser pulses  
 
ro
from commercial lasers.  


 
 
 
 
 
 
 
P
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e: autocorrelation: 


 


 
 
Fig. VIII-52 
 
 


Measurement of femtosecond light pulses  
 
 
Most widely-used techniqu
 


The Intensity 
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The signal field is E(t) E(t-τ). 
So the signal intensity is I(t) I(t-τ)
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Applications 
 
 
Ultrafast optics pushes the frontiers of1
 
 


• telecommunications 
 
• industrial, medical, and bio-technologies  
 
• frequency and time metrology 
 
• ultrafast (pico-, femto-, attosecond) metrology 
 
• high-field science 
 
• coherent light sources  


 
 
 


 
 
The purple light originates from helium atoms excited by intense, few-cycle laser light. The laser pulses 
propagate along the axis of the purple lobes (horizontally) through the helium gas. The strongly-driven helium 
atoms radiate x-rays coherently, which – as a consequence of phase-coherent emission – form a highly-
collimated, laser-like X-ray beam. The experiment performed at the Vienna University of Technology in 2004 
has resulted in the generation of coherent X-ray light at a photon energy of 1 keV (wavelength ~ 1 nm) for the 


                                                 
1 Many illustrations have been borrowed from the Ultrafast Optics lecture course of Prof. Rick Trebino at the Georgia Institute 
of Technology, Atlanta. 
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first time2 (photo courtesy of J. Seres, Vienna University of Technology, for more details see the attached report 
of the Photonics Spectra magazine). 


 


Optical telecommunications 


 
 
 


 
 
 
 


       
Fig. VIII-53  


 
 
 


                                                 
2 J. Seres, E. Seres, A. Verhoef, G. Tempea, C. Streli, P. Wobrauschek, V. Yakovlev, A. Scrinzi, C. Spielmann, F. Krausz, 
“Source of coherent kiloelectronvolt x-rays,” Nature 433, 596 (2005). 
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The 1450-1600 nm low-loss spectral window has a bandwidth of ~ 20 THz   ⇒
     offers data transmission with an ultimate rate of 5-10 Terabit/s through a single optical   ⇒
               fibre ultimately over thousands of kilometres by means of  
 


 Wavelength-division multiplexing (WDM) or time-division multiplexing (TDM) 
 Femtosecond infrared seed sources 
 Broadband infrared amplifiers  
 Dispersion management, soliton(-like) propagation 


 
 
Instrumentation for high-speed measurements: electro-optical sampling 
               
                
The concept of electro-optic sampling: a pico- or sub-picosecond laser pulse triggers an electric 
transient at the input of some fast electronic circuit. The response of the circuit is measured by the 
output voltage inducing a change in the refractive index of an electro-optic medium (e.g. LiTaO3), which 
is probed by another replica of the sub-picosecond pulse (Fig. VIII-54). Such an electro-optical sampling 
system constitutes a sub-picosecond-resolution / Terahertz-bandwidth oscilloscope. 
 


 
 
  Fig. VIII-54  
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Electro-optic sampling can also be implemented in a non-invasive manner by measuring either 
  


• a change in the refractive index induced inside the wafer (Fig. VIII-55) 
or   


• the electric fields above the integrated circuit by a small electro-optic crystal tip (Fig. VIII-56) 
 
 
 


 
 
        Fig. VIII-55  
 


 
 
                           Fig. VIII-56  
 
Electro-optic sampling: key technology for pushing the limits of high-speed electronics!  


- 284 - 







VIII. Ultrafast optics     applications 
 


Broadband THz (T-ray) generation and applications3


 
Femtosecond light constitutes the most powerful tool for generating broadband THz pulses. One of 
several possibilities: a femtosecond pulse induces conductivity in a biased photoconductive switch. 
Accelerating charge emit light. Emission is proportional to the time-derivative of the induced current, 
resulting typically in a single-cycle pulse of some hundred femtosecond duration (Fig. VIII-57).   
 
 


 


photoconductive switch
femtosecond 
optical beam 


 
 
Typical THz photoconductive emitter: 
 
 
 


  
 
 


 
 
 
 
 
Fig. VIII-57 
 
                                                 
3 D. Mittleman (ed.), “Sensing with THz radiation”, Springer, Heidelberg, New York, 2002  
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Detection and measurement of THz waves 
  
uses the same fs optical pulse that generates it. This induces conductivity in a photoconductive switch, 
which then yields more current when the THz pulse is present, resulting in a cross-correlation between 
the THz waveform and the laser intensity. As the laser pulse is shorter, the cross-correlation yields 
directly the THz field variation (Fig. VIII-58). 
 
 
 
 


 


photoconductive antenna 
femtosecond 
optical beam 


 
 
 
 
 
 


 
 
 
 
Fig. VIII-58 
 
 
 
A typical THz waveform as detected by a photoconductive sampler is shown in Fig. VIII-59. Knowing 
E(t), the spectrum can be calculated simple by Fourier transformation. This method is called time-
domain spectral analysis and constitutes the most important technique for spectral analysis in the THz 
domain.  
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Fig. VIII-59 
 
 
Electro-optic sensing  
 
allows time-domain THz spectrometry in both samples (Fig. VIII-60) as well as free space over extended 
distances (VIII-61). measuring the spectrum in this way before and after a sample irradiated with a THz 
beam yields the absorption spectrum of the sample in the THz range (Fig. VIII-60). With radiation 
generated by few-femtosecond laser pulses the incredible spectral range from 0.1 – 100 THz can be 
covered!  
 
  
 


 
 
Fig. VIII-60                                                       Fig. VIII-61  


 
 
 
One of the many applications: studying species in flame insight into the microscopic processes 
during combustion phenomena 
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THz imaging in microelectronics, biology and medicine  
 
Benefits from the fact that many materials that are opaque to visible light are transparent in the THz 
range. 
 
THz imaging in microelectronics: THz sees the metal leads through the plastic packaging (Fig. VIII-62). 
Fault detection in integrated circuits. 
 


Visible image


THz image 


 
 
Fig. VIII-62 
 
 
THz imaging in biology: water detection in plants. 
 
Proof-of-principle experiment: a leaf is allowed to dry somewhat, and then watered. As it rehydrates, 
THz transmission decreases. Changes smaller then 1% are detectable (Fig. VIII-63). 
 
 


 
Fig. VIII-63 


After Before 


After 
watering


30 Before 


 


20


10


0
0 10 20 30 40 50


position (mm) 


- 288 - 







VIII. Ultrafast optics     applications 
 


 
THz imaging in medicine: tumour detection  
 
Tumours appear to have different THz absorption properties from normal tissue (Fig. VIII-64). They can 
be detected with a resolution of ~ 0.1 mm without having to rely on ionizing radiation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


metastasismetastasis
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 Fig. VIII-64 


imaging in dentistry: caries detection (Fig. VIII-65) 


 Pepper, Teraview Ltd. 


VIII-65 

THz image: 0.2 - 0.5 THzTHz image: 0.2 - 0.5 THz  
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Biological/medical imaging with ultrashort laser pulses  
 
 
Problems of traditional microscopy 


 
• Many objects are clear and require generally toxic stain to be seen. 
 
• Objects must usually be sectioned (sliced) to be observed. 
 
• Some objects are inaccessible to microscopes, such as the inside of a blood vessel or the 


retina of the eye.  
 
• Most objects are “turbid,” that is, they scatter a lot. This is the big challenge in medical imaging 


inside the human body.       
 
• Optical microscopy has limited spatial resolution (l/2), and a lot of stuff is smaller. 


 
 
Ultrashort-pulse imaging techniques address these problems. 
 
 
Two-photon/multiphoton microscopy 
 
The intensity of fluorescence light emerging in the illuminated sample is proportional to the square (two-
photon microscopy) or the cube (three-photon microscopy) of the incident focused light intensity. Hence 
both the transverse and the axial size of the emitting volume is smaller than the illuminated one, 
resulting in substantially improved lateral as well as depth resolution (Fig. VIII-66).4   
 


F ~ I2


F = Two-photon 
fluorescence 
power 


 
Fig. VIII-66 
 
 
Two-photon imaging of a rat brain (Fig. VIII-67).4 


                                                 
4 Images due to Chris Schaffer, Uinv. California, San Diego 
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Blood vessels 


Fast imaging allows red-blood-cell 
motion to be discerned. 


 
Fig. VIII-67 
 
 
Two-photon imaging of brain tissue 
 


 


Living rat hippocampal neurons 
were stained with DiO, and 
imaged using pulsed 
illumination at 900 nm. These 
were imaged one day after 
staining and plating onto a poly-
lysine-coated plastic Petri dish. 
The image shown in Fig. VIII-68 
is a projection through 50 
sections of 0.3 um each. No dye 
bleaching was observed during 
scanning. The imaging had no 
adverse effect on the health of 
the cells, compared to 
unscanned regions in the same 
dish after another day in 
culture.5
 
 
 
 
 
 
Fig. VIII-68 


 


                                                 
5 Steve Potter, Georgia Institute of Technology, Atlanta  
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Third-harmonic microscopy 
 
 
In the tight focus of a femtosecond laser beam high 
intensities give rise to non-linear optical effects. As a 
result, third harmonic (TH) light is 
produced on one side of the focus... 
 
... and the other... 
 
but they interfere destructively due to the Gouy phase 
shift in the focused Gaussian beam (Fig. VIII-69).6
 
Breaking the symmetry of the focus prevents 
totally destructive interference and some 
of the third harmonic light is emitted third-
harmonic imaging is sensitive to interfaces. 


⇒


 
 
                                                                    Fig. VIII-69 


 
 


 


The third harmonic of the incident light is 
produced when an interface breaks the symmetry 
of the focus, providing inherent optical sectioning. 
 
Normal optical microscope objectives are used to 
focus the input light and collect the TH signal light.  
 
The sample can be scanned in x and y (and 
maybe z) directions.  Or a large beam with a 
microscope collection lens can be used for single-
shot operation (Fig. VIII-70).6 


 
Background-free, requires no additional staining. 
 
Provides inherent optical sectioning. 
 
Non-fading in nature (stains fade with time). 
 
Uses IR, rather than visible or UV, so is less 
damaging to the specimen. 
 
Is less bothered by phase distortions in the 
medium than conventional microscopy. 
 
Fig. VIII-70 


femtosecond 


 
 


                                                 
6 J. Squier, Colorado School of Mines, US 


sample 


laser 


 


 


CCD 
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125 µm 


 
Fig. VIII-71 Third-harmonic imaging of low-contrast interfaces: an optical fibre immersed into an index-
matching fluid. The third harmonic signal is generated at the interface of jacket and cladding; no image 
processing or background subtraction was used here. (~100 fs pulses at 1.2 µm, 1 kHz repetition rate.)7


 
 
 
 
Optical coherence tomography, OCT8


 
Optical distance ranging with broadband (short-coherence-length) light9 draws on a simple concept: 
time-resolve back-scattered light to obtain depth resolution and scan transversely to obtain lateral 
resolution (Fig. VIII-72).10  
 


Transverse Longitudinal 


Fig. VIII-72 


Scanning  Scanning Reflectivity 


 


                                                 
7 J. Squier, Colorado School of Mines, US 
8 Illustrations and figures of this section kindly provided by J. Fujimoto (MIT) and W. Drexler (Univ. Vienna). 
9 Huang, et al., Science 254 (1991). 
 


- 293 - 







VIII. Ultrafast optics     applications 
 


Time-resolution of the back-scattered signal can be obtained by measuring the correlation of the back-
scattered light with a reference replica of the same broadband light in a scanning Michelson 
interferometer. When the interferometer paths are equal, the intensity fringes are the strongest. The 
accuracy (depth resolution) is determined by the coherence length (Fig. VIII-73). The broader the 
spectral width of the light source, the shorter the coherence length, the higher the resolution. The 
broadest-band light can currently be produced by femtosecond lasers.  


 
Fig. VIII-73 
 
With state-of-the-art commercial11 sub-10-fs Ti:sapphire lasers unparalleled depth resolution of ~ 1 
micron could be demonstrated at the University of Vienna (Figs. VIII-73, 74). 


 
Fig. VIII-74 


                                                 
11 www.femtolasers.com 
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functional imaging y 


 
Fig. VIII-75 Ultrahigh-reso
 


 
Fig. VIII-76 OCT imaging 


                                     
12 W. Drexler et al., University o

optical biops

lution OCT images of the human eye recorded 


on patients at the General Hospital of Vienna.12


            
f Vienna  

spectroscopy

 


with sub-10-fs illumination12.    
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OCT inside a blood vessel  
 


 
 
Fig. VIII-77 The OCT images have significantly higher resolution than intravascular ultrasound (IVUS).13


 
 
Nanoscale biological imaging with visible light: stimulated-emission depletion (STED) 
microscopy  
 
 
In spite of the challenges posed by diffraction, in the last decade physical concepts have been worked 
out that break the diffraction barrier and open up far-field fluorescence microscopy with nanometre scale 
resolution. The most powerful one has been STED microscopy, which defeats the diffraction barrier 
through saturated quenching of the fluorophore.  STED utilises synchronized picosecond excitation and 
depletion pulses14.  
 


 
                     Fig. VIII-78 


                                                 
13 Brezinski, et al., Am. J. Cardiology 77 (1996) 
 
14 S. Hell, Max-Planck-Institut f. Biophysikalische Chemie, Göttingen 


IVUSOCT 


Excite with an ultrashort pulse.  Probe with a doughnut STED beam. 


Excitation beam 
profile Intense 


STED beams 
deplete 
fluorescence 
except where 
their intensity 
is zero. 


x


Beam focused to λ/2 


STED 


STED beams deplete 
excited states for all 
molecules outside this 
region. 


Threshold for 
stimulated 
emission 
depletion 


Size of fluorescing region


- 296 - 







VIII. Ultrafast optics     applications 
 


Ultraprecise machining, structuring and cutting with femtosecond laser pulses 
 
 
Femtosecond laser pulses can machine all materials and with unparalleled precision.   
 


 


 
 
 
 
 
Long laser pulses heat the surrounding 
volume during the interaction  
 


⇓  
much larger volume affected than 
irradiated  


 
 
 
 
 
 
During ultrashort exposure there is no time for 
heat diffusion  


⇓  
 
precise, well-controlled machining 


 
    


 


 
Ultrashort pulses remove or modify material 
through highly nonlinear processes in dielectrics 
                                    ⇓
sharp threshold for irreversible modification 


⇓  
machined volume can be a small fraction of 
the focal volume   


⇓  
Nanoscale machining 


 


x 


Beam 


Ablation threshold


Beam focused to λ/2


Size of hole 
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• Interaction of intense ultrashort laser pulses with materials open a new energy 
deposition regime independent of thermal conduction and hydrodynamics.  


 
• High energy densities can be created in a thin surface layer. This results in 


rapid ionization and material removal with most of the deposited energy being 
carried by the ejected material.  


 
• High energy densities can be created in the interior to create 3D structures. 


 
• Intense laser-material interaction in dielectrics is not dependent on finding 


stochastic defects to supply initial electron for dielectric breakdown. Ablation 
threshold is therefore more deterministic.  


 
⇓  


Femtosecond lasers enable precise processing of any material with minimal 
collateral damage and unparalleled reproducibility and precision.  


 
 
Mask repair  
 
 


 
S. Nolte, B. N. Chichkov, and H. Welling, et al., 


Laserzentrum Hannover, Germany, Opt. Lett. 24, 1999  
 


IBM to license 100-femtosecond mask 
repair tool 
By R. Colin Johnson                                   
EE Times   October 9, 2002    
     
YORKTOWN HEIGHTS, N.Y. — IBM 
Corp.'s T.J. Watson Research Center has 
announced that it is releasing its 
proprietary sub-100-nanometer 
lithographic mask repair technology for 
general license. IBM uses the 
femtosecond-laser-based technology to 
repair masks damaged by metal splatter, 
gallium staining and pitting. The all-optical 
method also avoids problems created by 
ion beam methods, currently the main 
competing technology at sub-100-nm 
feature sizes, the company said.   
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Periodic nanostructures  
 


 


 
 
 
 
 
Periodic nanostructure array in crossed 
holographic gratings on silica glass by two 
interfered infrared-femtosecond laser pulses 
K. Kawamura, N. Sarukura, M. Hirano, et al., 
Tokyo Institute of Technology, Tokyo, Japan 
Appl. Phys. Lett. 79, 2001 
 


 
 
Pain-free dental treatment with femtosecond laser pulses 
 


                                 
 
 
 


 
 


 
 
M.D. Feit et al, LLNL, Livermore, USA 


 
Numerical simulation of hole drilled in human 
dentin by train of 350 fs pulses. 
 
 
 
Cross section of a conical hole drilled in tooth by a 
femtosecond  laser system.  
 
 
With no thermal shock, there is no collateral 
damage to adjacent tissue. 
 
With no heat diffusion, there is no pain! 
 
 
Technology mature and available but at 
present to expensive! 
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Precision surgery  
 


 


Intratissue surgery with 80 MHz 
nanojoule femtosecond laser pulses 
in the near infrared  
Karsten König, Oliver Krauss and Iris 
Riemann, Universität Jena, Germany 
Optics Express 10, 2002 


 
 
Nanomachining with sub-10-fs laser pulses 
 


Laser pulses in the 10-fs domain provide 
a quality of micromachining of fused 
silica and borosilicate glass that is 
unobtainable with longer pulses in the 
range of several100 femtoseconds up to 
picoseconds. The shortening of the 
pulses reduces the statistical behaviour 
of the material removal and the ablation 
process thus attains a more 
deterministic and reproducible character. 
The improved reproducibility of ablation 
is accompanied by significantly 
smoother morphology. This offers the 
potential for lateral and vertical 
machining precision of the order of 
100 nm and 10 nm, respectively.  
 
M. Lenzner, J. Krüger, W. Kautek, F. 
Krausz,  BAM, Berlin, Germany; TU 
Wien, Vienna, Austria, Appl. Phys. A 68, 
1999 


3 ps 220 fs


20 fs 5 fs
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Ultrafast metrology and control: tracking and steering microscopic motion  
 
 
Tracking microscopic dynamics with the pump-probe technique: excite the sample with one pulse; probe 
it with another a variable delay later; and measure the change in the transmitted probe pulse energy or 
in the properties of other ejected particles, e.g. electrons, emerging from the interaction (Fig. VIII-79). 
 
  


 


Excite 
pulse 


Eex(t–τ)


 
 
Fig. VIII-79 
 
 
The 1999 Nobel Prize in Chemistry went to Ahmed Zewail of Cal Tech for ultrafast spectroscopy 
of atomic motion in molecules. With femtosecond laser pulses, Prof. Zewail has been able to 
watch how chemical bonds break and form, i.e. chemical reactions happen in real time 
 
 


 
 


Variable 
delay, τ 


Epr(t) 


Sample Esig(t,τ) 


medium
Detector


Probe 
pulse 
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Chemical reaction control with femtosecond pulses 
 
 
Atomic motion can not only traced, but – to increasing extent – also controlled by shaped femtosecond 
pulses. Femtosecond pulses can be shaped in the frequency domain, by controlling the phase and 
amplitude of the frequency components of the pulse (Fig. VIII-80). 
 
 


 Fig. VIII-80 
 
 
One might excite a chemical bond with the right wavelength, but the energy redistributes all around the 
molecule rapidly and may result in breaking the molecule apart in an undesirable manner. Exciting the 
molecule with a carefully shaped femtosecond pulse allows controlling the molecule’s vibrations and 
producing the desired products (Fig. VIII-81). Femtosecond chemical reaction control was pioneered by 
Prof. G. Gerber, Universität Würzburg, Germany.   
 


 
Fig. VIII-82 
 
 
Can the motion of electrons be traced and controlled in a similar manner?  
                                      Yes, by the tools and techniques of experimental attosecond physics!  
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Attosecond physics


Armin Scrinzi
Lecture notes


LMU Munich, July 1, 2005


Contents


1) Interaction of strong fields with atoms:
- characteristic parameters and time scales
- the basic model: hamiltonian in dipole approximation
- strong field approximation


2) High harmonic generation and attosecond XUV pulses:
- rescattering model of harmonic generation
- time structure of the single atom response
- phase matching and propagation


3) Discussion of key experiments:
- the attosecond streak camera
- steering electrons with light
- streaking measurements: lightwave and Auger


The typical time scale of electron motion in the outer shell of atoms and molecules is a
few hundred attoseconds (1 as = 10-18s) – shorter than any pulse of visible light, shorter
even than a single electric field period at optical wave length. Yet, in several recent
experiments it has been demonstrated that attosecond electron motion can be controlled
by strong short laser pulses and that it can be exploited to directly measure the electric
field of a light pulse, to obtain an image of a electronic orbital or to produce extreme
ultraviolet (XUV) pulses of a few hundred attoseconds duration The XUV pulses can be
timed relative to the laser field with a precision of a few tens of attoseconds, thus
opening the route to time-resolved atomic physics.  This newly emerging field was
dubbed attosecond physics.







Characteristic distances and time scales in the atom


The Virial theorem:


For hydrogen-like atoms, there is a rigorous relation between the expectation value of the
potential energy and the total energy (Virial theorem): the potential energy is minus two
times the binding energy. In the case of the hydrogen atom two times the Rydberg energy
Ry = 13.6 eV


Velocity:


From the Virial theorem one obtains an estimate for the average kinetic energy of the
electron in the atom (total energy = kinetic energy + potential energy).  By setting


average kinetic energy = v0
2/2me one obtains an estimate for the average electron


velocity in the atom.


Length:


From the expectation value of the potential energy  one defines an average distance, the
Bohr radius a0


Time:


The atomic unit of time is given by a0/v0. The orbit time is 2p times that value.







Time scales in quantum mechanics
A single quantum mechanical state with well defined energy (energy eigen-state)  is
stationary, i.e. it does not evolve in time except for overall phase oscillation. Its electron
density does not change in time. To observe time evolution in a quantum system, it must
in a superposition state of at least two eigenstates with different energies. Then the
electron density “beats” with a beat period that is determinded by the difference between
the individual states.
 







Interaction of strong fields with atoms:
At high laser intensity new types of experiments become possible, as the interaction of a
strong laser pulse with field strength near the atomic field strength radically differs from
light matter interaction at lower intensities. Rather than averaging the effect of the
interaction over many optical periods as in conventional optics, the electric field can take
direct control of electronic motion and imprint its time-structure on electron momentum
and position. Ionization plays an important role for the precise timing of electronic
motion in the field because of its strong non-linearity.


The Hamilton operator: 


Atomic Hamiltonian:


The time-dependent Hamiltonian operator for a atom in a laser field consists of the the
atomic Hamiltonian and the interaction with the field. Our standard atom will be
hydrogen (Z=1) or hydrogen-like (Z=2,3,...).


Classical laser field:







As we are dealing with high laser intensities, we can safely describe the laser field as a
classical field E(t). This can be justified by estimating the number of photons that are


present in a volume of a0
3 at typical intensities of 1014W/cm2 and wave length 800 nm


(photon energy ~ 1.5 eV): statistical variations of the photon number are negligible
(exercise)


Dipole approximation:


For most purposes, the interaction can be described in dipole approximation, i.e. one can
neglect spatial variations of the field can be neglected. This is because the extension of
the interacting system is, in general, much smaller than the wave length of the laser.
Compare the typical wave length of 800 nm to the Bohr radius of 0.05 nm ! 


Atomic units:


These are the natural units for the description of atoms. In these units the characteristic
parameters of an atom are of the order ~ 1. The characteristic field  strength in the atom


are rather high, corresponding to a laser intensity of  3.5 x 1016W/cm2.


Strong field ionization:
For high field strength (above ~ 1014W/cm2) and long (800 nm) wave length ionization
 can be considered as quasi-static, i.e. at any moment in time the atom gets ionized at
a rate like in a static electric field of strength E(t). 







Tunneling ionization:
For any non-vanishing static field, at sufficiently large distances the total potential
energy (atomic binding + dipole field) is below the bound state energy and the electron
can leave by tunneling through the potential barrier. 


Barrier suppression ionization:
If the field is strong enough, the potential barrier as a whole lies below the
bound state energy and the electron can leave also according to classical mechanics.
Very high ionization rates result.


Exercise: 
Calculate the barrier suppression field strength and laser intensity in atomic units.


Convert the laser intensity to W/cm2


Exponential dependence of ionization on field strength:
Tunneling is described by a Gamov factor, which leads to a strong exponential
dependence of the ionization rate on field strength.







Tunnel ionization of the hydrogen atom


Accurate tunnel ionization rates are obtained by matching the wave
function of the hydrogen ground state with the WKB wave function
of a free electron in the electric field under the tunneling barrier.
“Matching” here means that the functions are connected in a
 continuously differentiable way. The procedure can best be
 performed in parabolic coordinates.


Note:
The procedure and therefor all formulae derived in this way are
not applicable for barrier suppression, for the simple reason that
no meaningful point can be defined, where bound and free wave
 function can be stitched together. 







Extension to general atoms:







Details of tunnel ionization:
Outside the binding potential, the electron more or less behaves like a free
electron. In the approximation of a free electron, one can easily solve
the equations of motion (classically or quantum mechanically), if one 
can make a reasonable assumption about initial position and momentum.


A simple-minded (but very useful) estimate of “the velocity at the exit of 
the tunnel” is provided here: 







Laser vector potential = field-induced electron momentum


The laser vector potential (in Coulomb gauge) has an immediate 
physical meaning as the momentum that is given to an electron
by the electric field of the laser pulse.


Note: A laser pulse has no dc component !
Is is an immediate consequence of the wave propagation equations that a propagating 
pulse (i.e. a pulse that is far from any matter compared to its spatial extension)
has no dc component, i.e. the time-integral over its electric field is zero. This
can be easily formulated as a condition on the vector potential as below.


Maximal photo-electron energies in laser-tunnel-ionization:


Note: 
The derivation below assumes that the electron is and remains free after ionization 
(“direct electrons”). For the (low likelihood) event that the electron collides 
again with the ion, higher energies (10 Up) can be reached (“re-scattered electrons”).


The number of re-scattered electrons is typically by 5 order of magnitude lower
that the direct electrons.


The laser vector potential A(t)


The dc component of a laser pulse is always = 0
<=> 


A(- ∞) = A(+∞) := 0







Electron energy spectrum


Assume release at time t
0


Momentum at t
0   


~  0


Acceleration by the laser field


Maximal acceleration = ± A
0 
= ± ε


0
/ω


Maximal electron energy ~ 2U
p 
 = 2 x ε


0
2/4ω2


“direct electrons”


= 0


Summary


IONIZATION


 Ionization occurs by tunneling  or over barrier ionization


 Tunneling rates decrease exponentially on the inverse of the field


 The electron has momentum = 0  “at the exit of the tunnel”


ACCLERATION IN THE LASER FIELD


 After tunneling the electron moves like a free particle in the field


 The vector potential gives the acceleration from t
0
 until end of pulse


 Direct electrons are accelerated to maximally 2U
p


 Re-scattered electrons can be accelerated up to 10 U
p







Length- and velocity gauge:


The TDSE (time-dependent Schrödinger equation) with the field interaction in dipole
 approximation  can be written in two unitarily equivalent forms. The length gauge
form contains the dipole operator in its more intuitive form. The velocity gauge 
form is familiar as the “minimal coupling” from field theory. Although equivalent
up to a unitary transform, the two forms behave differently when approximations
are made for an analytic solution of the time-dependent Schrödinger equation or
in numerical calculations. The gauge transform leaves the spatial properties
unaffected, but introduces a time-dependent boost of the momenta by A(t):
p -> p+A(t). The canonical momentum of the length gauge is the conventional
pL=v/me. In velocity gauge the canonical momentum is pV=v/me-A(t). When the 


vector potential becomes large, pV in general stays within a more limited range 
compared to  pL. E.g, any pV for a free electron in the laser field is constant, while pL
 oscillates in time with A(t).


Solving the time-dependent 
Schrödinger equation (TDSE)


Numerically: discretize on a grid
                      non-trivial – very  large grid needed


Approximate solutions: 
strong-field approximation (SFA)
distinguish the wave function 
   “inside” the atom (little affected by the laser) and
   “outside” the atom (nearly free motion)







The TDSE for a free electron in a field


The TDSE can be most conveniently solved in the velocity gauge
and in momentum space (i.e. by spatially Fourier transforming). The 
procedure is straight forward. The length gauge solution is obtained
by gauge-transforming the velocity gauge solution, i.e. multiplying
by the gauge phase exp(-iAr).


Gauge transformation


TDSE in length gauge 


Unitary transform


TDSE in velocity gauge







Solutions for fixed pV


Solutions of the TDSE corresponding to plane waves in the field free case are called
 “Volkov solutions”. They are plane waves multiplied by  a time-dependent phase. In
 velocity gauge wave vector of the plane wave is constant, in length gauge it varies by 
the laser vector potential. 


Exercise: 
Express the time-evolution operator for the TDSE of a free electron in a (dipole)
electric field in terms of the Volkov solutions.


A free electron in the laser field


The TDSE (velocity gauge):


Fourier transform


Solution in k-space


Solution in r-space


“Volkov state”







The Strong Field Approximation (SFA)


In the classical models of quiver motion and photo-electron energies, we have have
thought of the electron as either being bound (with little impact of the laser) or free
(motion dominated by the laser). This picture can be carried over
to quantum mechanics by composing a solution using the field free bound state
function |0> and a superposition of Volkov solutions. 


The Volkov solutions


Velocity gauge


Volkov phase


Length gauge


The Volkov solutions form a complete set of states, i.e.
any wave function can be expanded into Volkov solutions


There exist Volkov solutions for the Dirac equation


Ansatz for Ψ with a strong field


Field free ground state:


Is the ansatz complete ? – Yes ! The Volkov states are complete


Why do we need |0,t> ? –  compact description of inner part 


Which gauge is |0,t> ? – length gauge is “better”  


Problem: the ansatz is OVERcomplete, 


i.e. there is no unique solution for c(t) and b(k,t)


=> need extra constraint







Gauge of |0>:
As only in velocity gauge position and momentum have their usual meaning,
the length gauge is the correct choice of gauge for the field free state.


Overcompleteness:
As the Volkov solutions form a complete set of functions by themselves,
an extra constraint (not explained here) needs to be imposed for a
unique solution for c(t) and b(k,t).


Exercise: show that the Volkov solutions form a complete set of functions.
 


Closed form solution in SFA


With a few approximations, an explicit solution for the atom in a strong laser field can
be given. The two most important approximations are


(1) Ionization is weak, the ground state depletion is negligible
(2) Except in the initial state |0>, the electron does not feel the atomic binding potential


Approximation (1) can be corrected for rather easily. Approximation (2) is serious and
can be corrected for only in special cases. It causes incorrect ionization rates (up to 
one order of magnitude). Nonetheless, electron spectra and high harmonic spectra
can be described very accurately in SFA.


The name:
“Strong field approximation” means that the field is strong compared
to the atomic field “at the exit of the tunnel”, which may be rather far from the
nucleus. It does not mean that the field is strong compared to the atomic binding
field near the nucleus.


The solution has as intuitive interpretation (see below).







Summary
GAUGE
 the choice of the gauge is (technically) important in strong fields
 velocity gauge ... time-dependent momentum boosts


VOLKOV SOLUTIONS
 explicit solutions for the TDSE of a free electron in the field


   are plane wave times a time-dependent phase (Volkov phase Φ(k,t))


STRONG FIELD APPROXIMATION
  the electron “inside” the atom ~ field free bound electron
  the electron “outside” the atom ~ unbound electron in the laser field
  a closed form solution with an intuitive interpretation can be given


SFA solution for b(k,t)


... dipole transition matrix element


 at time t' electrons are put into the continuum


 their momentum distribution is according to d(k-A)


 their number is proportional to ε(t')


 their quantum phase depends on the initial state phase e-iE0t'


 they interfere with continuum electrons with Volkov phase eiФ 


Meaning of the integral







Frequency doubling and tripling are familiar from standard non-linear optics.
When laser intensities become higher, much higher multiples of the
 fundamental frequency can be observed, the present record being beyond
500 times the fundamental frequency, or beyond 1keV of photon energy.


The process is attractive for the construction of compact sources in the
XUV (extreme ultraviolet) or even soft X-ray regime. Its most intriguing
feature is, however, that radiation contains very sharp time structures.
This is the basis for the generation of attosecond XUV pulses.


High harmonic generation







With the availability of high power laser sources (at that time KrF with wave length
248 nm) high harmonic radiation could be observed for the first time.


Very soon a simple relation between the highest observed harmonic frequency 
and laser intensity was discovered and explained by an intuitive theoretical model.
This “simple man's model” turned  out to be one of the most fruitful concepts
for strong field-matter interactions, high harmonic generation, and attosecond 
physics.


Early measurements of high harmonics


[from L’Huillier, Balcou, 1993]


Development parallel with intense, short laser pulses


High harmonics from gases late 1980’ties:


Pulse durations ~ ps
248 nm, 1015W/cm2


[McPherson et al. 1987; Ferray et al. 1987]


The discovery of the 3.17 U  P cutoff







Simple man's = re-collision  = 3-step model of HHG


Low vs. high harmonic generation


Non-linear response of a medium
Low laser intensity


- χ(n) rapidly (exponentially) 
       decrease with n
- instantaneous response to the field


High intensity


- very high harmonics
   with ~ constant intensity
- response is NOT instantaneous !


High harmonics are generated by recollision


(1) Electron release by tunneling


(2) Acceleration in the laser field


(3) Recollision with the parent ion


     and radiation of excess energy


Excess energy:  Kinetic energy + binding energy


Three-step model:


[P. Corkum 1993; K. Kulander 1993][P. Corkum 1993; K. Kulander 1993]







A classical model of re-collision


Not every electron will be directed back to the nucleus and re-collide. By solving
the classical equations of motion with the initial condition of v=0 after ionization, 
one obtains the re-scattering condition in the form of a transcendental equation.


In general, there is no analytic solution to this equation and one must resort
to numerical solutions. 


Graphical solution:
There is a simple and intuitive graphical solution for the re-collision condition.
1) Plot the second integral of the field (red curve).
2) For release time t0, put a tangent to the second integral.
3) At times t1>t0 where the tangent cuts the integral, re-collision occurs.


One can infer the following:
– not all t0 lead to re-collision


– re-collision at t1 can be originate from releases at several earlier times t0


The re-scattering condition


The electron must 
return to its initial position = 0 !


For a cw field


Graphical solution


t
0


t
1


There is not always a solution


There may be several return times t
1


t
1


t
1
'







Maximal energy at re-collision
By numerical solution one finds the magic number of 3.17 Up
for the maximal energy an electron can have upon re-collision with its
parent ion. For that, electron release must happen near a peak of the field strength
(-0.45 T), which leads to re-collision near a node of the electric field (0.2 T).


Time structure of harmonic radiation
The classical re-collision model explains harmonic radiation in great detail. It is
applicable to long as well a short pulses. It correctly reproduces the overall spectral
characteristics of the dipole response of the atom to a strong field with a “plateau” of
harmonic radiation with ~ constant intensity.   It explains:
1) The harmonic cutoff energy, i.e. the end of the plateau.
2) The time-structure, i.e. when each range of harmonic energies is generated


When is harmonic radiation generated  ?


Take the recollision picture seriously in every detail


Recollision energies as a function of recollision time t
 for a 2-cycle laser pulse and Ne atoms (I


p
=0.79 a.u.)


t0 ~ -0.45 T


t1 ~ 0.2 T


The cutoff formula
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Cutoff frequency: kinetic + binding energy 


ω
cut


 ~ I
p
 + 3.17 U


p


I
p
 ... ionization potential


ωcut


Important confirmation of the recollision model


t
0
 and t


1
 for maximal recollision energy


Field:           E(t)=cos(2πt/Τ)  t1 = 0.2 Τ


t0= - 0.45 Τ


(Numerical or graphical solution)


the magic number !







Check by a quantum calculation
(Numerically solve the TDSE)


Time-dependence of the dipole


Harmonic spectrum: Fourier transform of |d2P(t)/dt2|2


Time-frequency information ?


Time-frequency analysis of the dipole
Multiply by Gaussian window function 
and Fourier transform


• Full confirmation 
   of classical recollision picture


• Highest frequencies appear during
  very brief (attosecond) times


• Times are locked to laser period


Colors: complete numerical solution
Solid lines: classical recollision energies
[V. Yakovlev and A. Scrinzi, PRL 91, 135901, (2003)]







The high-frequency time-structure of the dipole moment is well reproduced in SFA.
Two terms can be neglected:


<0|r|0> is = 0 for states |0> with definite parity
<k|r|k> are small, as they describe continuum-continuum transitions.


Note:  
<0|r|k> has the form of a Fourier transform of r|0>, as the Volkov states
are plane waves up to a well-defined phase factor.


Evaluation of the integrals:
Can be done with good accuracy using stationary-phase and saddle-point techniques. 
The most important contributions come from momenta near the classical trajectories
in momentum space. This is why the classical re-collision model works so well.


A simple formula of the high harmonic response: 


as obtained after performing stationary phase integrations over k


The dipole element in SFA


The wave function in strong field approximation (SFA)


The dipole expectation value


Polarization in SFA


Insert for b(k,t)







Further simplification by saddle point integration


The stationary phase condition cannot be fulfilled for real times t'. Therefore
one analytically continues the solution into the complex plane and finds a few
selected regions which give the dominant contributions to the time integral.
The real part of these complex times contributing to the dipole response at time t
are just are just the few “birth times” tb, for which the classical re-collision 


condition is fulfilled. The dipole response at time t is now given by a
discrete sum over birth times tb.


The model accurately describes the high frequency part of the dipoleresponse !


Dipole d
z
(t) in SFA 


ionization and recombination
action along the
classical pathwave packet


spreading


Saddle point integration 
over “birth times” t'


Result [M. Y. Ivanov, Phys. Rev. A54, 742 (1996)]


tb ... “birth time”, i.e. the moment when the electron is detached


a
ion


 ... (square root) of the static field ionization at t
b


a
pr
 ... free propagator along classical trajectories


a
rec


 ... dipole recombination to the ground state at t







Accuracy of the 3-step model


with a few corrections beyond SFA:


• Use exact (not SFA) ionization rates
• Correct for initial state depletion
• “Photon energy” = derivative of the action
  


[Yakovlev, PhD thesis]


Dipole d(t) 
~ sum over all “birth times” tb(t)


Conclusions


 Classical recollision describes high harmonic generation in great detail


 Three-steps: ionization – progation – recombination


 It works, because wave packet propagation is quasi-classical


 Technically, rapidly oscillating phases lead to 
   cancellations everywhere except near the classical path


 The quantum phase is given by the action integral along the classical path


! The three-step model ONLY works for HIGH harmonic radiation







When is the radiation harmonic ?


Harmonic ... integer multiples of the fundamental frequency 


A single recollision does not contain any information about the laser period


Harmonics (in the strict sense) are generated
when the ionization and recollision are repeated at 


each laser period


This condition is not valid in a few-cycle laser pulse


=> no clear harmonic structure


Summary


HIGH HARMONIC GENERATION
 High harmonics are generated by a recollision process
 The classical three-step model works
 Two trajectories (“long” and “short”) contribute to a harmonic energy
 Harmonic orders up to 1000 have been seen
 It is a coherent process (not capture or bremsstrahlung)


THE RECOLLISION MODEL EXPLAINS
 harmonic structure in the cutoff-region
 the generation of single or double attosecond pulses
 the emission times of specific harmonic frequencies
 the highest harmonic frequencies observed in experiments


Our understanding of high harmonic response 


of an isolated atom is complete







Attosecond pulses are generated by converting a short 800 nm laser pulse to high 
frequency radiation with very short time structures. Any such conversion is based
on a highly non-linear process. In the case of high harmonic radiation from a short
laser pulse, short time structures can be selected by applying a sharp (strongly non-linear)
filter in frequency (e.g. a thin metal film). As there is the strict connection between
the harmonic frequency and the time when it is generated, short pulses result.


To obtain useful XUV pulses, laser and XUV radiation must co-propagate through  a
finite volume. Due to the complex non-linear processes involved, a reliable theoretical
prediction of attosecond pulses requires numerical simulations. 


The difficulty in the measurement XUV attosecond pulses is that non-linear optics
strongly depends on frequency. Near photon energies of 100 eV, where the attosecond
pulses are generated, only very few sufficiently strong non-linear processes are known.
Therefor most measurements of XUV pulses are based on a cross-correlation with
the 800 nm laser pulse, that generated the XUV pulse. 


Generation  and measurement of 
attosecond pulses







Attosecond time structure in the single-atom response


For high harmonic radiation with a time-frequency structure as below, the highest
frequencies are generated only during a very brief period of time. By selecting these
frequencies from the total spectrum on obtains attosecond pulses.


Single pulses vs. trains of pulses:
Clearly the ability to select a single pulse depends on the existence of a single highest
peak. This requires very short (~ 2 optical cycle) laser pulses. For longer pulses, the
process is nearly periodic and many neighboring laser half cycles generate nearly
the same maximum harmonic radiation. In that case a train of attosecond pulses
is generated, rather than a single pulse.


The carrier-envelope phase (CEP) of few-cycle laser pulses
Except for pulse envelope and carrier frequency, in short
pulses the CEP is a third crucial parameter


Attosecond time structure in 
high harmonic generation


Cut the highest frequencies
from a harmonic spectrum


Attosecond time structure
in SINGLE ATOM response


Propagation of harmonics ?







Single vs. double attosecond pulses
Depending on the exact shape of the electric field (CEP – carrier envelope phase) also
two equally high harmonic peaks may appear in the time-frequency distribution. As a
result, two attosceond pulses separated  by ½ optical period are generated. This is also
reflected in a modulation of the highest frequencies of the harmonic spectrum.


Influence of the CEP


Time-frequency plot
“Cosine pulse”  (phase ϕ = 00)


Unmodulated cutoff – single  XUV pulse


Harmonic spectrum


[A. Baltuska et al., Nature 2003, Nature 421, 611]


“Sine pulse”  (phase ϕ = 900)


Modulated cutoff – double  XUV pulse


The new tools


The carrier envelope phase


Blue-red: 
carrier envelope phase (CEP)


φ shifted by 90o


With few-cycle laser pulses 


the CEP becomes a crucially important parameter







Making a long story short:
results of 3-d propagation (simulation)


The new tools


Attosecond XUV pulses
1) Focus a few-cycle laser pulse into a gas jet


2) Generate high harmonic radiation


3) Filter the highest harmonics (hv ~ 90 eV)


Pulse properties


Photon energy  ~ 90 eV


Pulse duration  ~ 250 as (measured !)


Band width      ~ 10 eV


                    (nearly transform limited)


Intensity             1011 W/cm2  


                    (??? NOT measured)


[simulation]











Laser-XUV cross-correlation
The essence of the process can be formulated in quasi-classical terms.


One assumes that an electron is photo-ionized by an XUV pulse. I.e. it absorbs a single
XUV photon UXUV and is emitted into the continuum with an initial momentum p0. (Ip
is the ionization potential). When it is in the continuum the laser can accelerate or
decelerate it. The total acceleration until the laser pulse is over, is proportional to the
laser vector potential A(t) at the moment of its release t. 


Depending on the release time, different final momenta are observed.







By combining laser and XUV pulses with a well-controlled time-delay, one can perform
pump-probe experiments.


Prerequisits are:


(1) Full control over the electric field of the laser pulse with respect to phase and 
      field strength
(2) Robust time-locking of the XUV with the laser pulse and
(3) The ability to vary times on the attosecond time scale


ATTOSECOND EXPERIMENTS







Controlling electron moment by a laser pulse


This is an application of the streaking principle: By varying laser intensity 
rather than time, the final electron momenta can be manipulated in a straight
forward way (animation).


The experimental setup


Generation of high harmonics:  in a Ne gas jet


Note: due to 3-d phase matching, the harmonic beam is better collimated than the laser
beam


Ionization detector: for beam diagnostics.


Separation of harmonic and laser beam: A Zr (Zirconium) filter


blocks the inner part of the laser beam, but transmits harmonic radiation


Time-delay: Both beams are reflected from a split multi-layer mirror,


whose inner part can be moved with precision of a few 10  nm. This


Steering attosecond electron wave 
packets with light fields







corresponds to time-delays of a few 100 as.


Photo-ionization and laser cross-correlation: in a Krypton beam 


after the mirrors


Photo-electron energy detection: by time-of-flight (TOF).


Observed electron spectra
as a function of laser intensity


Steering attosecond electron wave 
packets with light fields


[Kienberger, Science, 2002]







Direct observation of light pulse's electric field


An attosecond light pulse can be used to scan through the electric field
of a laser pulse. The delay between laser  and XUV pulse is varied over
several optical periods. The oscillation of the photoelectron energy is
directly proportional to the vector potential of the light field.


Measurement results


Scan through time-delays


See the light…See the light…


Relation between laser 
vector potential A(t) and


photo-electron energy shift


∆Ε = p0
2/2 - [p0-eA(t)]2/2


∆Ε ∼  ep0 A(t)


V
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[Kienberger et al., Nature, 2004]


XUV -photoelectron spectrum vs.
XUV – laser delay time
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Note:
This is a multi-shot experiment, i.e. data is collected by repeating the
experiment many times with different time delays. It requires that
the laser pulse is fully reproducible for the whole set of measurements
(during about 1 hour). In particular, the carrier-envelope phase must
be stable. The signal is lost when the phase is not stable (insert).


Scan over a wider time range







Electronic dynamics in an atom – Auger decay
One of the most exciting applications of attosecond pulses is in observing the dynamics
of electrons inside the atom: we literally can “watch the electrons moving on their orbits”
(to the extent that this is a quantum mechanically meaningful observable).


The first atomic process to be observed with attosecond pulses was the so-called Auger-
decay of an atomic core hole state. The process can be summarized as follows: 


(1)  At some well-defined time, a deeply bound electron (e1) is removed from an atom by
XUV photoionization. 


(2)  An electron from the valence shell (e2) fills the vacancy and the excess energy is
imparted to another valence shell electron (e3).


(3) The electron e3 is emitted with an energy that is given excess energy minus the  e3's
ionization potential


(4)The time-distribution of electron (e3) emission is probed by a laser pulse


What is observed:
In absence of the laser field one only observes the photoelectron Auger peaks.
The actual situation in Kr is somewhat more complex than in the previous
sketch, therefor there are several peaks corresponding to several different
electronic states. 







In presence of the laser field, an extra peak (“side band”) appears. That peak is
only produced during the time window when the laser pulse and Auger
electron emission overlap in time. Its rise and fall reflects the time-distribution
of Auger electron emission. 







Theoretical description of the measurement:
The measurement is based on the same principle as the XUV streaking measurement. In
both cases we have a certain time-distribution of electron emission that is mapped into a
momentum distribution of the electrons. The difference is that Auger electron emission
reflects the dynamics core hole state formation with subsequent Auger decay, while
XUV photoionization is simply proportional to XUV pulse intensity. 


Model of Auger electron emission:


(1) Describe core-hole population by a rate equation


(2) Describe streaking by  Volkov phases of the electrons after emission


(3) Add up (integrate) over all times







Quasi-classical vs. quantum   mechanical electron spectra  
Depending on the duration of the Auger decay, the electron spectra are either modulated
as expected for classical electrons that are emitted during a short time or side bands are
formed in the electron spectrum. The side-band case was the realized in the experiment. 


Appearance of side-bands:


If emission extends over about on optical period, also classically we would not see a
modulation, but rather blurred picture that changes little with time-delay. It is a distinct
quantum mechanical feature that electrons emitted during different times can interfere.
The side-bands are nothing but the fringe pattern generated by that interference.
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Particle in a Laserfield


Some definitions:


Intensity of a Laser field:
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Particle in a Laserfield


When we talk here about intensity we mean the time averaged intensity
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5 fs, 5*1018 W/cm2
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Don‘t panic! Energy and „Information“
propagate


 
with


 
the


 
Groupvelocity!!
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Laser in an electron
 


gas







What
 


happens
 


if
 


a becomes
 


larger?


⇒for high laser
 


fields
 


the
 


current
 


is
 


reduced
 


compared
 


to the
 


linear current


Laser in an electron
 


gas
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Laser in an electron
 


gas


Time [fs]
-20 -10 0 10 20


C
ur


re
nt


 [a
rb


. u
.]


-6e+20


-4e+20


-2e+20


0


2e+20


4e+20


6e+20


5 fs, a=1; I=2*1018 W/cm²


Single electron current







Laser in an electron
 


gas
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5 fs, a=2; I=8*1018 W/cm²







Laser in an electron
 


gas
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5 fs, a=10; I=2*1020 W/cm²







Laser in an electron
 


gas


This
 


current
 


should
 


produce
 


huge
 


hamonic
 


radiation, but
 


ist this
 


truthly
 


the
 


case?


NO! Because:


Laser pushes
 


electrons
 


towards
 


low
 


E-Fields (Ponderomotive
 


Force) so:
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Laser in an electron
 


gas


5fs, a=10; I=2*1020 W/cm²
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Laser plasma
 


interaction


So far only
 


an electron
 


gas was considered, but
 


normaly
 


a high intensity
 


laser
 


pulse
propagates


 
through


 
a plasma


 
with


 
consists


 
of (nearly


 
inmobile) Ions.


How
 


do we
 


have
 


to modify
 


the
 


propagation
 


equation
 


and 
what


 
happens


 
to the


 
plasma?
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The same calculations as for the single particle:
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The
 


longitudinal electric
 


field comes
from


 
density


 
variations:
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Laser plasma
 


interaction
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When
 


a is
 


small
 


=> vz


 


is
 


small
 


=> n~n0


 


=> ϕ~0 
⇒NO difference in the propagation equation!!!


=> a<<1:
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5fs, a=1; I=2*1018 W/cm²
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Laser plasma
 


interaction


For a>>1 the
 


laser
 


significantly
 


pushes
 


the
 


electrons, which
 


form together
 


with
the


 
ions


 
a longithudinal


 
E-Field. After releasing


 
by


 
the


 
laser, the


 
electrons


 
oscillate


around
 


their
 


origin:







5 fs, 5*1018 W/cm2
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interaction
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1D Simulation of Laser-Plasma Interaction:


Laser plasma
 


interaction







Laser Wakefield Acceleration


(x-vph


 


t)/π Tajima, Dawson, PRL43, 267 (1979)







Laser Wakefield Acceleration


Injected
 


electrons
 


can
 


be
 


accelerated
 


by
 


this
 


wakefield:
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Laser Wakefield Acceleration


Maximum particle energy:


Dephasing
 


length:


Wavebreaking
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Summary
 


of the
 


first
 


part:


1D Laser Plasma model*: 22
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This
 


leads
 


to


Excitation
 


of plasmawaves:


for electron
 


acceleration
 


to


1D Propagation
 


effects: Llaser


 


<λp


 


: Selfphase
 


modulation


Wakefield acceleration
 


calls
 


for low
 


densities
 


=> high Ewb,


 


high
 


energy
 


gain
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* see


 


also P.Spangle


 


et. Al PRA 41, 4463 (1990) and/or


 


Lecture


 


Notes by


 


J. Meyer-ter-Vehn







Summary
 


of the
 


first
 


part:


In theory
 


Laser Wakefield acceleration
 


is
 


fine but:


Laser must
 


be
 


shorter
 


than
 


plasma
 


wavelength
 


to efficiently
 


excite
 


a plasma
 


wave


Plasma wave must
 


not
 


break


Long interaction
 


distance => guiding
 


of the
 


laser


Electrons
 


must
 


be
 


injected
 


in phase
 


with
 


the
 


plasma
 


wave


So WHY Laser Electron
 


Acceleration?







Second Part:


High acceleration
 


fields: TV/m instead
 


of MV/m


Short acceleration
 


distances: mm instead
 


of km


(Train
 


of) short
 


electron
 


bunches


Low emittance


Advantages of Laser wakefield acceleration:


Second Part:


•Relativistic
 


nonlinear
 


optics; what
 


changes
 


in 3D?


•Bubble
 


acceleration
 


regime







Second part


Particle
 


Accelerator are
 


HUGE. Here
 


München vs. CERN:







Relativistic
 


nonlinear
 


optics


Self-focussing: vph


 


= c/nR Profile steepening:  vg
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When
 


the
 


intensity
 


is
 


high
nR


 


becomes
 


high







Relativistic
 


nonlinear
 


optics


First observation
 


of relativistic
 


self-focussing


Borghesi
 


et al., PRL 78, 879 (1997)


Laser


PIC simulation







Gahn


 


et al. PRL 83, 4772


 


(1999)


4x1018W/cm2, 200fs


Laser Wakefield Acceleration







Laser Wakefield Acceleration


Science 298, 1597 (2002)


200 MeV


flat
 


top
spectrum


30 fs, 1J laser
 


pulse







What do we want to simulate?


High-Power Laser Pulse ionizes any material and forms a plasma


⇒


 
Classical, relativistic and highly nonlinear interaction of charged particles 


with EM-Radiation


⇒particles move on a grid of EM-fields


Laser Wakefield Acceleration


Numerical Tool


Laser Plasma Interaction is a highly nonlinear problem especially 
for strong and short pulses. Understanding relies on numerical simulation: 







Numerical Tool here:


Laser Pulsey


x –
 


Laser Polarization


z –
 


Propagation direction


Laser Wakefield Acceleration


3D-PIC Code for Ideal Laser Matter Interaction 


ILLUMINATION ILLUMINATION 







I0


 


=5x1018W/cm2, λp


 


=8μm, w0


 


=5 μm, z = 100μm


single 1fssingle 1fs
electron pulse


Opening angle 
< 1< 1oo


Energy [MeV]
0 5 10 15 20 25 30


E
le


ct
ro


ns
/0


.1
M


eV


1e+5


1e+6


1e+7


1e+8


1e+9


1e+10


5fs
30fs*


* X.Wang et.al. PRL 84, 5324 (2000)


Laser Wakefield Acceleration







A. Pukhov and J. Meyer-ter-Vehn Appl. Phys. B


 


(March


 


2002)


12J, 33fs


The
 


Bubble
 


Regime







The
 


Bubble
 


Regime


Here
 


the
 


effect
 


relies
 


on BREAKING the
 


Plasma wave! 


E.g. high density
 


is
 


perfered, hence
 


short
 


pulses
 


are
 


needed


THIS is the desired regime:


•Huge number of electrons in a highly localized pulse


•“monoenergetic“


•High conversion efficiency


•No injection, hence
 


no synchronization


BUT:


Ultrashort
 


(sub-10fs), high intensity (>1019W/cm²)
 


pulses are needed


Precise control over a number of parameters







The
 


Bubble
 


Regime


Applications:


Electron
 


diffraction


x-rays: FEL 


Attosecond pump probe experiments


Aims:


Tuneable
 


electron
 


soure
 


with
 


respect
 


to energy, energyspread, bunchlength
 


and 


emittance







What
 


you
 


will see
 


next


Simulations
 


to reveal
 


the
 


physics
 


of the
 


bubble
 


regime


•Why
 


are
 


ultrashort
 


laser
 


pulses
 


needed? 


•Scaling
 


of „bubble“
 


properties


Comparing
 


experiments
 


with
 


simulations


²102;3 19 cmWa ⋅=
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²102.2;10 20 cmWa ⋅=


µmµmwfs P 8;5,5 0 == λ


wbaa <
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36.4=wba


²102;30 21 cmWa ⋅=


First: vary
 


only
 


the
 


intensity. So fixed
 


is:







5fs, a=3







5fs, a=5







5fs, a=5







5fs, a=5







5fs, a=5







5fs, a=5







5fs, a=30, 777TW







5fs Summary
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a=10
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5fs Summary


Condition to form a stable
 


bubble


Rb


 


~Eacc


 


~a0.25


 
=> acceleration


 
is


 
limited


 
=> multistages


Short lifetime
 


of the
 


bubble
 


(~200-400µm)


Density
 


profile
 


changes
 


electron
 


bunch
 


properties


pLL λ< pbp R λλ 62 << 25.0
0 awRb ⋅=wbaa >


Conditions
 


out of reach
 


for present
 


laser
 


systems => but







CCLRC Data,  Kyoto


 


(2004)


360mJ, 1.2x1018W/cm2, 


pLP Lµmfs λλ ≈⇒= ,8,40


Experiments







500mJ, 2.5x1018W/cm2, 


pLP Lµmfs λλ ≈⇒= ,8,40


Mangles
 


et.al, Nature 431, 535 (2004)


Experiments







Faure et.al, Nature 431, 541 (2004)


µmcmWJfs P 6.13,²102.3,1,30 18 =⋅ λ


Experiments







Simulate
 


Experiments  


Setup of the
 


Jena Experiment: 2*1019W/cm², 80fs & 40fs 


Setup of the
 


Rutherford ASTRA: 1.3*1018W/cm², 40fs 







40fs, a=0.767, 390mJ
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80fs, a=3 
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Summary
 


of second part


New Acceleration Regime (bubble regime)


Unique beam properties: ~10fs, ~1nC, 109


 


Electrons, Divergence ~1°


High conversion efficiency: ~20-35% 


Benefits from sub-10fs pulses:
Tuneable electron source (between 10 and 300MeV)


by warying
 


Power/Intensity/Focus/Gas density & Length


Stable in operation


Precise control of gas density and length is necessary





		Foliennummer 1

		Foliennummer 2

		Foliennummer 3

		Foliennummer 4

		Foliennummer 5

		Foliennummer 6

		Foliennummer 7

		Foliennummer 8

		Foliennummer 9

		Foliennummer 10

		Foliennummer 11

		Foliennummer 12

		Foliennummer 13

		Foliennummer 14

		Foliennummer 15

		Foliennummer 16

		Foliennummer 17

		Foliennummer 18

		Foliennummer 19

		Foliennummer 20

		Foliennummer 21

		Foliennummer 22

		Foliennummer 23

		Foliennummer 24

		Foliennummer 25

		Foliennummer 26

		Foliennummer 27

		Foliennummer 28

		Foliennummer 29

		Foliennummer 30

		Foliennummer 31

		Foliennummer 32

		Foliennummer 33

		Foliennummer 34

		Foliennummer 35

		Foliennummer 36

		Foliennummer 37

		Foliennummer 38

		Foliennummer 39

		Foliennummer 40

		Foliennummer 41

		Foliennummer 42

		Foliennummer 43

		Foliennummer 44

		Foliennummer 45

		Foliennummer 46

		Foliennummer 47

		Foliennummer 48

		Foliennummer 49

		Foliennummer 50

		Foliennummer 51

		Foliennummer 52

		Foliennummer 53

		Foliennummer 54

		Foliennummer 55

		Foliennummer 56

		Foliennummer 57

		Foliennummer 58

		Foliennummer 59

		Foliennummer 60

		Foliennummer 61

		Foliennummer 62

		Foliennummer 63





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice






Towards Applications of Bubble Acceleration:


Bubble-driven Free-Electron-Lasers


F. Grüner (LMU+MPQ), July 15, 2005, Photonics Lecture,  Prof. Krausz


� Motivation for FELs


� What is an FEL?


� Undulators and Wigglers


� SASE and X-Ray-FEL (XFEL)


� Bubble-XFEL



Herbert Walther

                                        X-ray free electron lasers







Motivation for Photons


• why trying to “transform” bubble electrons into photons ?


• advantage of photons:


� photons as atomic probes both in space and time


� energy of 15 keV corresponds to wavelength of 0.8 Å


� pulses can be on scale of attoseconds (1 as = 10-18 s)


� atomic scale of space = a0 = 0.53 Å (Bohr radius)


� atomic scale of time ≈ 2πa0/v0 ≈ 150 as (v0 ≈ c/137)


� X-ray photons can penetrate matter well beyond surface


� (ultrabrilliant ) photons can image a single molecule







High 
photon flux


Small freq. 
bandwidth


Low 
divergence


Small 
source size


FEL as a High-Brilliance Light Source


[Peak brilliance] = Photons/(s·mrad² ·mm²·0.1%bandwidth)


TT-XFEL


DESY


SLAC







Why an X-ray Free-Electron Laser ?
• time scale of chemical reactions: fs


• X-ray: wavelength of atomic scale


• fs-X-ray pulse → “4D imaging with atomic resolution”


• ultrafast chemistry & biology:


� conformational changes


� electron transfers in molecules


• phase transitions in material science


• inner shell ionization


• single molecule imaging







Single Molecule Imaging I


• why single molecule imaging?


→ 70 % of all proteins in medical drugs cannot be crystallized !


• problem: Coulomb explosion 


→ ultrafast X-ray pulses needed:







Single Molecule Imaging II


diffraction pattern of single shot


• ~1000 single shots necessary


• for each shot extract orientation


• superpose all shots


• extract structure information


• how to extract structure information?


mean number of elastically
scattered photons into pixel
of a CCD


intensity of X-ray
pulse


Time-dependent position of 
atoms in molecule 
(Coulomb explosion!)


change in wave vector 
due to scattering


form factor of
j-th atom







What is a Free-Electron Laser ?


� SASE = Self-Amplification of Spontaneous Emission:


thus, no seeding field required → XFEL realizable


� FEL = Free-Electron Laser


incoming wave


incoming wave


energy reservoir


optical pumping


stimulated emission


stimulated emission


incoming electrons


conventional laser:


energy reservoir







Spontaneous Synchrotron Radiation:
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Spontaneous Synchrotron Radiation:


Emission Angle


Electron rest frame: Hertz-Dipole Lab frame: Lorentz-trafo
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How to shake (=accelerate) electrons: undulator
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thus, coupled motion:     


Lorentz-force
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Undulator: 1≤K
Wiggler: 1>K


γ
1=ΘSsynchrotron radiation:


γ
K=ΘW


undulator:


constructive interference due ΘW < ΘS → coherence


Undulator period


Magnetic field strength







Relativistic Doppler Effect : 
Transformation from Co-Moving System into Lab System
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Lab system


Lorentz-Trafo







• transverse oscillation in lab system: ck
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• in mean electron frame:   wΩ= ** γω


• undulator radiation observed in lab system under angle Θ0:
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Undulator: fundamental frequency


(most important equation)







Undulator: Spectral Width


finite duration: cNT wu /λ= with frequency  wω


continuous spectrum of partial 
waves: 
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FEL basics: most fundamental point


coherence condition


undulator


electron trajectory


radiation field


electron transverse motion in phase with radiation phase:


this means a net energy transfer from the kinetic energy of the 
electrons to the radiation field over the total undulator length
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FEL basics


electron-laser interaction : ∫ ∫−=−=∆ dtEvesdEeW LL


rrrr


coupling via transverse motion: LEv
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pendulum like motion


as known from
undulator
radiation


phase Ψ between electron and radiation must not vary


usual phase 
space in FEL 
theory


electric laser 
field vector


Change in electron 
kinetic energy







Low-Gain/High-Gain


A


AG
γ


γγ −=• Gain:


2
0,


cmk


eE
K


eu


L
L =


γ
γ KK


ds


d L∝


• effect of laser-field, in analogy to K:


• Low-Gain: KL small → G few percent


• High-Gain: KL large → many electrons within separatrix →
laser field ≠ const, G large


(           !)aKL =


coupling between electron motion
and radiation field


loss of kinetic electron energy = 
gain of radiation field







Initial Energy in Low Gain Regime


operating slightly above resonance energy:


no over-all effect net effect: electrons 
transferred energy to 
radiation field







Madey Theorem


Madey-theorem : Gain is derivative of spontaneous spectrum


valid only for


low-gain regime 


spontaneous radiation


operate a bit off resonance, where max gain!







High Gain: SASE-FEL and micro-bunching


• SASE=Self-Amplification of
Spontaneous Emission


• no seeding field


• strong micro-bunching 


= 90°rotation in phase-space


Same phase 
space as before







incoherent emission amplitude e from random walk


(intensity ~ amplitude²)


SASE-FEL: coherent radiation


Micro-bunching! → coherent 
emission
note: N ~ 1010 !!!!







Induced energy
modulation


Increasing density
modulation


Enhanced emission


Run-away process
(collective instability )


The FEL process saturates when maximum density 
modulation (bunching) is achieved.


The FEL Instability







Characteristic Parameter: Pierce


• everything scales with the so-called Pierce paramter


• in FEL theory there is a 1d- and 3d-Pierce parameter


• ideal 1d-Pierce parameter:
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• typically ρ~10-4…-3


• real beams have energy spread and emittance….


undulator period


~ K (undulator parameter)


electron beam diameter


electron current


Alven current = 17 kA
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Realistic gain length
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• ideal gain length :


• from FEL analysis: 


diffraction


emittance


energy spread


emittance [mm.mrad]


focusing: σx
2 = ßε


energy spread







Saturation length


Exponential 
Amplification


Saturation
(max. bunching)


Start-up 
Lethargy Besides an exponential growing mode, 


there is also an exponential decaying
mode which cancels the growth over 
the first few gain lengths .
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undulator length should be 
saturation length:


saturation power


spontaneous power after one gain length







…in practice: table-top FELs


experimental setup:


How to design something like that?


• FEL simulation (see next): same as for DESY+SLAC


• undulator design (“EM-studio”)


• electron tracking (“waves” + “GPT”)


• bubble: PIC code (“VPL” + “ILLUMINATION”)


• in future: “S2E” = start-to-end simulation







“GENESIS 1.3” code
code for SASE-FEL simulation:


• author: Sven Reiche (DESY, UCLA)


• based on FEL equations


• not a PIC code


• covers cm and nm scales


• explicit integration over undulator period: Uz λ=∆







Full simulation of “TT-XFEL”


Bandwidth


Spectrum


charme of our concept:


3 meter only!!!! 


ItItItIt’’’’s lasing !!!!s lasing !!!!s lasing !!!!s lasing !!!!


2·1012


phots/pulse!!







…but, before, just proof-of-principle…


take measured reference spectrum (unfolded for energy spread and 
emittance) and compare ratios of fundamental to first harmonic


on-axis              off-axis


SASE   


no SASE









